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CHAPTER I 

I 

I 

I 

A BRIEF HISTORICAL REVIEW 

In this chapter we propose to give a brief historical 
account of some of the work done in the field of 'Higher 
Transcendental Functions of Several Variables' . No attempt 
has been made to give a comprehensive review of the entire 
literature on the subject but only those aspects, which' have 
a direct bearing on my work done in the present thesis, have 
been dealt with in some details. 

1 .1 Higher transcendental functions . An equation of 
the form 

(1.1.1) p Q (x) v/ 1 + ( x) V'f 1 +...+p (x) = 0, 

where p (x), p-j_ ( x) , . . . ,p n ( x) are polynomial expressions having 
integral coefficients, e.g. 

p Q (x) = 5x^ + 3x^ + 7x^ - 8x+3, 

9 

p^ ( x) = llx “2 

is called algebraic equation. The roots of the above equation 

(1.1.2) Q = f(x) 

are called algebraic functions. The functions which are not 
roots of algebraic equations are called transcendental function 
Logarithmic functions, exponential functions, trigonometric 



2 


functions etc. are the examples of transcendental functions. 

Transcendental functions are generally solution of 
differential equations or they have integral representations/ 
Transcendental functions such as Beta functions/ Gamma functions/ 
Bessel functions/ E, G, H functions/ all polynomials etc./ 
which are of complicated nature are known as Higher Transcendental 
Functions. 

In the study of higher transcendental functions/ if we 
are not concerned with their general properties/ but only with 
the properties of the functions which occur in special problems/ 
they are called ' special functions"'. Moreover, it is a matter 
of opinion or convention. According to Harry Bateman (1832—1946) 
any function which has received individual attention at least 
in one research paper, may be attributed to Special Function. 

Special functions of mathematical physics arise in the 
solution of partial differential equations governing the 
behaviour of certain physical quantities. All these functions 
are H.T.Fs. The equations which occur frequently in pure and 
applied sciences are 


(lkl.3) 

2 1 0 § 

7 f = T — ? 

c a t 

(Wave equation)/ 

(1 .1 .4) 

9 

= o 

(Laplace equation)/ 

(1.1.5) 

2 

2 1 a o 

K at 2 

(Diffusion equation) 
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2 

The operator v , read as / nabla squared' , is defined as in 
the following cartesian form s 

2 2 2 
M i v 2 3 * . a z a z 

3 x 3y 3 z^ 

In each of the above equations t denotes time variable/ c and 
K physical quantities which are generally constants and the 
function § has to be determined. 

Its physical meaning depends upon the nature of the 
problem. The equation (1.1.3) arises in the problems which 
involve the phenomenon of wave motion and which occur in 
electromagnetism/ acoustics/ elasticity/ hydrodynamics/ etc. 
Equation (1.1.4) arises in potential problem/ which occur in 
many branches of pure and applied sciences/ hydrodynamics/ 
electrostatics/ steady flow of heat and current/ gravitation 
and elasticity. Equation (1.1.5) reduces to (1.1.4) when § 
is time independent. In its general form it occurs in the 
theory of flow of heat/ the skin effect for an alternating 
current in a conductor/ in the theory of the transmission 

i 

line and in certain diffusion problems. A wide range of 
physical problems are represented by the equations (1.1.3), 
(1.1.4) and (1.1.5). 

There are various methods of solving these equations 
one of the important method of separation of variables is 
generally employed to solve them. The study of differential 
equations describing the physical situation and consistent 



4 


with the boundary conditions leads us to the higher 
transcendental functions of mathematical physics* Here we 
shall discuss some higher transcendental functions/ particularly, 
the polynomials and their generalizations. We shall also 
discuss the hypergeometric functions in one, two, three, four 
and several variables. 

1.2 Leaendre function. Hiaher transcendental functions 

mnmm* Mmm *»* m m***m*mmmm*mmm , ■ h i m ,*m*mm* m m* immrnmmmm+m 

were first introduced towards the end of eighteenth century 
in the solution of the problems of dynamical Astronomy and 
Mathematical Physics. In 1782, Laplace introduced the 
potential theorem. Legendre (1782 or earlier) investigated 
the expansion of potential function in the form of an infinite 
series and was thus led to the discovery of functions now 
known as Legendre coefficients. 

Thomson and Tait in their well known "Natural Philosophy ” 
(1879) defined spherical harmonics as follows : 

2 

Any solution of laplace equation v s> = 0, which is 
homogeneous of degree n in x,y,z is called a "solid spherical 
harmonics of degree n". The degree n may be any number and 
the function need not be rational. 

If x,y,z are expressed in terms of polar coordinates 
(r,e,§) the solid spherical harmonic of degree n assumes the 
form r n f n (©,§ ) .The function f n (©,§) is called a "surface 
spherical harmonic of degree n". Laplace equation possesses 
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solutions of the form r n } M) ( 4 ) , where i 0? ( ju, ) satisfies 

n-1 

r 

the ordinary differential equation 

9 a 2 <w a & 2 

( 1 . 2 . 1 ) ( 1-4 ) - 24 -s— 1 - {n(n-f-l) - -ZL—} (g) = o. 

du d(U 1-4 

The above equation is called associated Legendre equation t 4 

is restricted to be real and to lie in the interval (-1/1). 


1.3 Hermite polynomials . Hermite polynomials/ first of 
all/ were discussed by laplace in his two works 'Treatise on 
Celestial Mechanics' (1805) [39] and 'theory of probability' 
(1820) [40]. The systematic study of these polynomials was 
made by Ch. Hermite [32] in 1864. 


Hermite polynomials occur in case of the motion of a 
point mass in a field of force. Schrodinger [46] showed 
that a free particle which is represented by a wave function 
¥(r/t)/ r being the position vector of the particle/ satisfies 
the following differential equation : 


(1 .3.1) 


i h 


3JP 

at 


hr 

2m 


2 


h being an universal constant. If the particle includes the 
effect of the external forces such as electrostatic/ 
gravitational/ possibly nuclear which can be combined into 
a single force F/ that Is, derivable from the potential 
energy V, the above equation may be generalized into 
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(1.3.2) i h |~ = - ^ v 2 f + V(r,t) f . 

If the potential energy is independent of the time and 
Sf(r,t) = u(r) f(t), the equation may be separated into 

(1.3*3) [ - ^ V 2 + V( r) ] u( r) = E.u( r) , 

E being the separation constant. 

Further, one dimensional motion of a point mass attracted 
to a fixed centre by a force proportional to the displacement 
from that centre, provides one of the fundamental problem of 
classical dynamics. The force F = -Kx can be represented by 

Kx 2 < v 

potential energy V(x) = , so that Schrodinger' s equation 

in one dimension may be written in the form ; 

m i/i \ ft 2 ^ 2 u , 1 t ,2 

(1.3.4) ""2m TT + 2 Kx ~ E * u “ 

dx 

Substituting g = ax, the above equation becomes 
2 

+ ( X - £ 2 ) u = 0. 

dr 

We can find an exact solution of the above equation in 
the form ; 

2 

(1.3.5) u(§ ) = H(g) e~^ / 2 , 

where H(|) is a polynomial of finite order in g . 

This assumption, on substitution into one dimensional equation 
leads to the differential equation 
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H"( g) - 2 g H'( g) + ( X-l) H( g) = 0. 

In order to find the solution# choose X = 2n+l# so that 


(1.3.6) H "( g ) - 2gH'(g) + 2n H n (g) = 0. 

The function H n ( g) is called Hermite polynomial of degree n. 


1.4. Laguerre polynomials. E. de Laguerre [38] 
introduced Laguerre polynomials in 1879. These polynomials also 
occur in an unedited manuscript of Abel [1] . In physical 
problems these polynomials occur in case of the motion o f two 
particles (nucleus and electron) that are attracted to each 

other by a force that depends only on the distance between them. 

2 2 

The potential energy V(r) = — , which represents the 

attractive Coulomb interaction between an atomic nucleus of 
positive charge +Ze and an electron of negative charge-e# 
provides a wave equation. The Schrodinger wave equation 
describes the motion of a single particle in an external field. 
Nov;# however# we are interested in the motion of the two 
particles (nucleus and electron). The differential equation 
for the energy characteristic state in this case is 


u.4.1) — (— J + ■— 7 + — 7 ) + + + ~~ y ? ) 


i ax L ay 1 qz x 


2xru ^ 2 ‘ " 2 1 2 

2 a ay 2 az 2 


+ ~^E [ E o ** V{ i- (Yi-Ys) 2 + (z^-z^) 2 } ] u =: o. 


Subscripts 1 and 2 refer to first and second particle;: 
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Expressing the equation in terms of the coordinates of centre 
of mass and using the method of separation of variables, the 
above equation gives 


( 1 .4 .2 ) fr ^ + [ “f ( E_V) ~ ^ 1 R = 0/ 

r hr 

where C is constant of separation. By suitably adjusting the 
constants and taking R = (0 e ' ' V(p), where p = kr, the 
equation finally reduces to 


(1.4.3) 


d 2 V 


P 2 


[2 


U+l) 


1] 


dV 

dp 


+ 


[c - U+l)] | = o. 


The physically acceptable solution of this equation with C = n 
may be represented in terms of Laguerre polynomials* These 
polynomials satisfy the following differential equation : 


(1.4.4) x 


d 

“T 

dx 


4 a)( x) 


+ (l-!-a-x) 


d_ 

dx 


h a, (x) + 


n 


4 a) (x) 


0. 


The polynomials stated above are called classical orthogonal 
polynomials. 

1.5. Orthogonal p olynomial s. If { § ( x) } denotes a 
sequence of functions with a weight function w(x) in an 
interval (a,b) which is non-negative there, we may associate 
the scalar product 


b 

(1.5.1) ( $-|_ , § 2 ) = -f w(x) $^(x) dx, 

a 

1_ 

which is defined for all functions # for which w 2 # is 
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quadratically integrable in (a,b). Two functions are said 
to be orthogonal if their scalar product vanishes. 

The functions {« n (x)}, thus form an orthogonal ■ system if 

0 if h ^ k 

(1.5.2) (<Pw$ v ) = { 

h k 1 if h = k 

Legendre, Gegenbauer, Jacobi, Hermite and La guerre polynomials 
each forms an orthogonal set. These polynomials arise very 
frequently. They have number of common properties? the following 
three of which are most important ; 


( i) { §' ( x) } is a system of orthogonal polynomials, 

(ii) §(x) satisfy a differential equation of the form 


(1.5.3) A(x) Y" + B(x) Y' + X n Y = 0, 


where A(x) and B(x) are independent of n and A n is independent 
of x. 


( iii) there is generalized Rodrigues / formula 


1 d n 

(1.5.4) ® ( x) = r? 7 — Y — — - 

n K n w(x.) dx n 


[ w( x) X n ] , 


where K n is constant and X is a polynomial in x whose 
coefficients are i ndependent of n. 

Other important properties of orthogonal polynomials are 
the self adjoint form of the differential equation s 
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(1.5.5) §5 [xw(x) §|] + X n w(x) Y = 0, 

and the Christof fel-Darboux formula 


n 

(1.5.6) 2 A § (x) § (y) 

r=0 n * r 


*n+l (x) ~ h (x) *n+l (y) 

n " ~ x-y 


1.6. Non orthogonal polynomials . There are several 
other hypergeometric polynomials which are not orthogonal 
called non orthogonal. 

In 1936 Bateman [5] was interested in constructing 
inverse laplace transforms. For this purpose he introduced 
the polynomials 


(1.6.1) Z^(x) ~ 2 F 2*'~' n/ • 1/1/x). 

Rice [44] made a considerable study of the polynomials defined 
by 


(1.6.2) H n ( ?,p,v) = 3 F 2 (-n / n+l / ?;p/l;v) 
Bateman [ 4 ] studied the polynomials 

(1.6.3) F n (Z) = 3 F 2 (~n,n+l, |( Z+l ) jl , 1 ;1 ) , 


quite extensivity, and which were generalized by Pasternak in 
the following way ; 


(1.6.4) 
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Another polynomial, in which the interest is concentrated on a 
parameter,, is Mittag-Lef f er polynomial 


(1.6.5) g n (Z) = 2Z 2 F 2 (l-n,l-Z;2.j2) . 

Bateman (1940) generalized the above polynomials in the form 


(1.6.6) g n ( Z , r ) -- 2 "^1 ^ — ^ , Z ?— • r J 2 ) * 

Sister Celine (Fesenmyer [26]) concentrated on the polynomials 
generated toy. 


(1.6.7) 


(1-t) 



'V 


,b g'" 


4xt “1 
(1-t) 2 


= £ 
n=0 


p+2 q+2 


-n,n+l ,a-j_ , 


1 / 2 * * * 





Her polynomials include Legendre polynomials/ some special 
Jacobi, Rice's H n (£,p,v), Bateman's Z n (x), F n ( z ) an ^- 
Pasternak's polynomials etc., as special cases. 

1.7. Generalization of polynomials . Orthogonal 
polynomials have been generalized in different directions, 
j-or the basis of these generalizations in some cases 
differential equation is taken in others generating functions, 
recurrence relations, Rodrigues' formula and so on. 

(a) Generating functions and their generalizations . The name 
'generating function' was first introduced toy Laplace in 1812. 
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If 

CO 

G(x,t) = S f (x) t n , 
n=0 

where f n (x) is the function of x only/ then G(x, t) is called 
the generating function of f n (x)» Some of the important 
classes of generating functions which are generally used in 
the study of polynomials are listed, below s 


( i) G(2xt-t 2 ) = 2 g (x) t ri / 

n=C 


in which G(x) has a formal series expansion? 


( ii) e t ^(x/t) = 2 o ( x) t V ', 

n=0 

where $ (u) has formal power series expansion? 


( m) A(t) exp (- 5 — r) = 2 Y (x) t ? 

l~t n 

n=0 


OO 

(iv) (l-t)” C 2 f n (x) t n / 

(1-tr n=0 n 


where ¥ (u) = 2 T n u n , ■/- 0. 

n=0 

A good generalization of (iii) and ( iv) can effectively 
be given by 


r 

(1.7.1) A(t) F(- = 2 f ( X/ r) t n , 

(l-t) r n=0 n 


where F(x) admits Taylor series expansion. 



13 


For particular interest Chandel ( [13] through [ 16] ) studied 
the polynomials defined by generating function 

OO 

(1.7.2) (1-t) C exp {-(j-~jr) r xt} = £ f^(x,r) t n , 

n=0 

which can be regarded .as the generalization of Laguerre 
polynomial s . 

Prompted by this work recently, in order to unify several 
hitherto considered polynomial systems belonging to (or providing 
extensions of) the families of classical Jacobi, Hermite, 

Laguerre polynomials Panda [43] also introduced the polynomials 
defined by 

(1.7.3) (l-t)~ C G [ — ££-=] = S gl ( x, r, s) t n , 

(l-t) r n=0 n 

where 

CO 

(1.7.4) g(z) = s r n z n , (r Q £ o) 

n=0 

and c is an arbitrary parameter. These polynomials include 
several known polynomials as special cases. 

Gould [30] considered a class of generalized Humbert polynomials 
defined by 

OO 

(1.7.5) (C-mxt+yt m ) lD = £ P (m,x,y, p,C) t n , 

n=0 n 

where m is a positive integer and other parameters are 
unrestricted in general . 



On the other hand Srivastava [52] considered a class of 
generalized Hermite polynomials defined by the generating 
function 

00 / \ , Xl 

(1.7.6) 2 ri. m ( x) = G(mxt-t m ) , 

n=0 

where G(Z) is given by (1.7.4) and m is an arbitrary positive 
integer. 

To unify the study of these three general classes of 
polynomials defined by (1.7.3), (1.7.5) and (1.7.6), Chandel 
[l8] has recently introduced a class of polynomials defined 
by the generating function 


(1.7.7) ( C-mxt+y t m ) ^ G [ 


r 

r x 


rrn r 


( C-mxt+y t m ) 


= S (m,x„y,r, s,C) t n , 

n=0 


where m, s are positive integers, other parameters are 
unrestricted in general, and G(z) is given by (1.7.4). 


Motivated by this work, in this thesis we introduce a 
class of polynomials of several variables defined by the 
generating function 
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where i,r,s, m > 1 are integers Xp are complex numbers 

and other parameters are unrestricted in general and G(Z) is 
g iv6n by (1 . 7 . i ) • 

Also to unify the study of two general classes of 
polynomials defined by (1.7.5) and (1.7.5), we shall introduce 
a class of polynomials defined by the generating function 

CO 

(1.7.9) G(C-mxt+yt^) = E g (m,x,y , z,C) t n , 

n=0 


where G(z) is any function of Z, q is an arbitrary and other 
parameters are unrestricted in general. 

(b) Generalization of Rodrigues' formula . Rodrigues' 
formula for Legendre polynomials is 


(1.7.10) 


,n 


P n (x> = — 


n 


, 2 . sn 

( x ~1 ) . 


2 n J dx 

Jacobi (1359) was the first, who generalized above formula and 
introduced Jacobi polynomials, defined by 


(1.7.11) P. 


(a, |3) 


n 


n 


(x) 


(- 1 ) 
2 n 21 


3 n 


( 1 ~x) “ a ( 1 +x) ' “ 0 ^-pr{ ( 1 ~x) a+n ( 1 fx) 3+n } 


dx' 


n 


Appell [ 2 ] has generalized the Legendre function as 


(1.7.12) 


dD [x n (l-x 2 ) n ] , 


n 


dx 


while Ghosh [ 23 ] has generalized it in the following 


way 


(1.7.13) 


nil 


dx 


n 


[x y (| - xf] , 


where ju, , v are constants. 
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A different type of generalization was made by Kharadze 

l*c 

[.33 ] / who introduced for the first line the operator . 

He defined the Legendre polynomials as 


(1.7.14) Qmic^ = 72m 


JO 


1 wnk , k . N 2m 
D, (x -1) , 

( 2m) l * 


and 


(1.7.15) 


^mk+l 


(x) 


K 2m *l ( 2m+l ) ! 


pjnktfeik t \2m+l 
( x -1 ; 


where k > 2 is a fixed positive number. 


pk _ d_ 1 d__ 

k dx k— 2 dx / 

x 


D k = “J-ThT dx anC ^ msans the operator repeats m times, 
x 

Further generalization has been made by Sharxna [ 47 ] in 
introducing the generalized associated Legendre functions and 
generalized ultraspherical polynomials. Srivastava [50] 
has given a generalization of Ghosh function and he has 
defined the function by 


(1 .7.16) 


v T-JUk r ll M , 

Y = { x (1-x ) } , 


where fj. , v are constants. 

In a v;ay to generalize Laguerre and Hermite polynomials/ 
Gould and Hopper [ 29 ] have introduced a function 

(1.7.17) Hpx.r.p) =-• (-l) n X '“ e pxr £- (x a e'^) , 
n n n 


and to generalize Laguerre and Humbert polynomials Singh 
and Srivastava [48] (Also see Chatterjea [lo]) have defined 
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the polynomials by Rodrigue s / formula 


1.7.13) l/ ^ ( x, r, p) 


x a e px d n ; , a+n _~px r ^ 

-TT-— - "rr -ir-TT “*» B \ 2C J » 

n S . n 
dx 


Chatter jea '[12] and Kharadzs [ 34 ] gave the gene.raliza- 
tions of Hermite polynomials which are based on Dy operator. 

For particular interest Chatterjea [9 ] has studied the 
generalized Bessel polynomials defined by 

! -1 n 1Q s .,k, „ ,x -n k-a-(k-2)n b/x _.n, kn+a-k ~b/xx. 

11.7.19) M n (x/a,b) = b x e D (x e ) , 

which is, undoubted ly , the particular case of (1.7.17). 
Further Chatterjea [ll] has defined a generalized function 
by the Rodrigues'' formula 

XT 

/ . _(n), . , . % -a px ~n, kn+a -px \ 

(1./.20) F^ (x?a,b,k,p) = x e*- D (x e L ) . 

It includes, as special cases, the Hermite, Laguerre, Bessel 
polynomial s and the generalized Hermite function of Gould and 
Hopper. 

Chandel [ 19] introduced a class of polynomials defined 
by Rodrigues' formula 


(1.7.21) 


where 


T^ /k ( x, r,p) 


-a px r n , a -px r 7 
x e Q x Cx e - } , 


Q x “ x 


k d_ 
dx * 


(1.7.22) 
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Further Cbandel [ 20 ] gave its generalization in the 


rorrrt 


(1 .7.2 3) 


G(h,g,k) = e ' hg(x) a"e hg(x) , 


where h,k 1) are constants and g is any function of x. 

Recently Srivastava and Singhal [56] gave the 
extension of (1.7.23)/ in the following way ; 

(1.7.24) £>)( x *a,b / c / d / p / r) 

o r* 

= e p * D «|; (ax+b )a+n (c:x+d ,l3+n e -px r ] 

nj J 


D = 

’ dx * 


Further Srivastava and Panda [5 7] made a systematic study 
of this class by introducing the polynomials defined by 


(1.7.25) [ X/S/b/C/d; r,s ; w( x) ] 


— * ... 

(ax+b) (cx+d) p ^n r _ ilN rn+a/_ , -, N n£+8 , N , 

= nf JTxl — D x {(ax+b) (cx+d) H w(x)} 

where a, b, c / d / a y , s are arbitrary constants and w(x) is 
independent of n and differentiable a n arbitrary number of 
times. 

In order to present various interesting operational 
relationships Chandel and Agrawal [ 22 ] have considered 


~j3 



19 


(1 .7.26) 


T (a,0,r,k) 

n, e f f , g 


(xja / b / c # d # p / r) 


•a. 


q*’ [Ux + b) a+en (cx+a) S+fn x T+g ^ _px ~ ] 

n * .x. -* 


where a, b, c , d, e, f , g,p, r,cc, 0, 7, k 1) are arbitrary constant 


independent of n. 

Recently C’nandel and Bhargava [21] studied a generaliza- 
tion of several polynomial systems defined by 


(1.7.27) G n ( a,kjh,g(x) ) 


e -hg(x) T n (e hg(x)) 

< 3 . / K 


where h,a,k are constants/ g(x) is differentiable function of x 
and 

T a,k = 

Very recently, Bhargava [6] further gave the generaliza- 
tion of (1.7.27) to introduce a new sequence of functions 
defined by 

(1.7.28) G n [a,k/pjg(x) ,h(x)] = e [h(x)] n } 

where h(x), g(x) are suitable functions of x, and a,k,p are 
independent of x. 

(c) Gener alization of different ia l equation. The 
differential equation for associated Legendre functions is 
given by 

2 2 

(1.7.29) (1-z 2 ) ~ - 2z || + {n(n-f-l) = 0 

dz^ l-z Z 
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Kuipers and Meulenbeld [36] have given a generalization of 
the above equation by 


2 

(1.7.30) (1-z 2 ) 


2 z -f { n ( n+1 ) 


TCT-zT 


} Q = 0, 


The solutions of the above differential equation are P. ' (z) 


, in,!!/ \ 

ano. Q-, ( z ) 


The complete solution is given by 


/ v 7 m,n, \ i_rn / n / \ 

w A Pj, V Z ) + B Q ' ( z ) 


Kuipers and Meulenbeld have made a detailed study of these 
functions in the series of papers. 


1.8 Hype: 


functions of one variable, 


In the study of second order linear differential equations 
with three regular singular points, there arises the function 

00 (a) (b) 

(1.8.1) ^U.b.-cjz) = S z , 

n=0 n 

for c neither zero nor negative integer. Euler obtained many 
properties of the but a detailed and systematic study was 

made by Gauss. Therefore this function is also called Gauss' 
function . The above hypergeometric function has been 
generalized in different ways by Hein, Appel 1 and others. 

The generalized hypergeometric function is defined by 


(1 . 8 . 2 ) 


p a ! ' a 2 ' * * * ' V* = “ ( a l ) n (a 2 ) n J - ,(a p ) n 

P q b q j 2 .: ~ n ~0 (b 1 )n(b2)n...(b q ) n n! V 


l'n d 2 ; n‘* ,v n £ 
■ b l ) n (b 2 ) n***^ b cr ) n K 
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where 

(a) n = a(a+l) ... (a+n-1), n > 1 
( a) Q =1/ a ^ 0 

This function is called generalized Gauss' function or 
generalized hypergeometric function. The name 'hyper geometric' 
(from the Greek V n s p , above or beyond ) was first used by 
J. Wallis in his work Arithmetics Infiniterum (16 So) for the 
series whose nth term was a(a+b)... [a+(n-l)b] . 

Euler used the term 'hypergeometric' in this sense , the 
modern use of the term being apparently due to KuirwneyC Journal 

J6 * 

fur Math. XV (1336)). 

It is being assumed that no denominator parameter b^ is 

zero or a negative integer because in that case the series is 

not defined. The series F is convergent for all finite z, 

P q 

real or complex, if p < q and for | z| < 1, if p = q-i-1 • 

For p = q+l, the series is absolutely convergent on the 

q p 

circle \ z\ =1, if Re( 2 b. - 2 a.) > 0® 

j=l J j=l 3 

If any numerator parameter a. in (1.S.2) is negative 
integer, the series terminates and the function reduces to a 
polynomial . 

The hypergeometric series was generalized in a different 
way by E. Heine (1878), who considered the series 

d.8.3) i + ikza-lil rab. 2 + z 2 

( l-*q) C (l~q) (l-q) C (l-q) C 1 ^ ( 1-q) (l~q^ ) 


■ • • • / 
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where ! ql < 1, so that as q -» 1, this serves Gauss'' series 
(a,b;cjz) and is known as the q-analogue of Gauss' 
hypergeometric function*. 

More generally. 


( 1 . 8 . 4 ) 


A B 


a l , . . 

. 


where 


' a A' J = " [ a j] n t a 2k •••[ a A ] n z 
'V -I " n=0 [ bl ] n [b 2 ] n .-.[b B ] n [q] n ' 


[a] n - (1-a) (1-aq) . . . (l-aq n_1 ) ; n a 1,2,3,... 

[do = 1 

The above series is called generalized basic hypergeometric 
series, which converges for \ z\ <1, when A < B+l and i ql < 1. 

1 .9 Hyperqeometric series of two variables. The great 
success of the theory of hypergeometric series in one variable 
has stimulated the development of a corresponding theory in 
two or more variables. In (1880), Appell has defined four 
series , F 2 , F^ and F^ , which are analogous to Gauss' 

2 F^ (a,b?c?z) . 

Horn puts 

„\ F(m,n) , ^ G(m,n) 

r(.m,n) = , g(m,n) = — — 1 , 

F'(m^n) G / (m,n) 

T where F, F / ,G,G' are polynomials in m,n of respective degrees 
P/P / ,q,q'. F' is assumed to have a factor (m+1), and G r a 
factor (n+1); F and F' have no common factor except possibly. 



m+1 ; and G and G* have no common factor except possibly n+1 * 

The greatest of the four numbers PfP'/q/q* , is the order of 
the hypergeometric series. Horn investigated,, in particular, 
the hypergeometric series of order two and found that, apart 
from certain series which are either expressible in terms of 
one variable or are products of two hypergeometric series, 
each in one variable, there are essentially thirty four 
distinct convergent series of order two (Horn 1931, corrections 
in Borngasser 1933). There are fourteen complete series for 
which p = p* = q = q # = 2, which are given in pioneer work of 
Erdelyi [2 3] * There are twenty confluent series which are 
limiting forms of the complete ones and for which p < p' -2, 


q < q* =2 and p,q not both equal to 2 . 


Srivastava and Daoust [53] defined a generalization 

jjf 

of the Kampe de Feriet function (1926) by means of the double 
hypergeometric series 


(1.9.1) S 


As BJB' 


CsDjD' 


[U):e,§] s[(b)s1f] ; [(b')tf'] J 
[ (c) s6,e ] s (d) : T}] ; [(d')s'n'] J 


x,y 


A BE' 

tc r. (a .+m6 .+n$j ) Tt r(b.+m Hf.) 7i r (b'.+n ¥ . ) 

co co j ^ ^ ^ j ssjL ■■ J j = 1 -3 J 

= 2 2 . 

m=0 n=0 C D ' D' 

it r( c ,+ma,+ne .) n r(d,+mn.) n r(a'+nTZ.) 
j=l J J J j-i J J j-i J J 


m 


x 


n 

y ■ 


m | n l 


whore the coefficients 
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are real and positive? and for brevity (a) is taken to denote 
the sequence of A parameters. a. , .. ., a^? with similar inter- 
pretations for (b) , (b'), etc. 

1.10. Hypergeometric functions in three variables . 

In the year 1893 Lauricella [37] defined the four hyper- 

geometric functions F^ 3 ^, F^'* an< ^ three 

variables and also conjectured the existence of ten more 
hypergeometric functions of three variables. Later on these 
ten functions were defined by Saran [45]. Further Srivastava 
[si] also introduced three new hypergeometric functions of 
three variables viz. H^, Hg, which were not covered by 

Lauricella’' s conjecture nor was their existence noticed by 
earlier writer# 

1.11. Hypergeometric functions of four variables . 

Until Exton [ 25, pp. 11-19 ] defined and examined a few of 
their properties, no specific study had been made of any 
hypergeometric functions of four variables, apart from the 
four Lauricella functions F^ , Fg , F^ ' and F^ J and 
certain of their limiting cases. On account of the large 
number of such functions which arise from a systematic study 
of all the possibilities. He restricted himself to those 
functions which are complete and of the second order and 
which involve at least one product of the type (a,k+m-fn+p) in 
series representation? k,rn,n,p are the indices of quadruple 
summation. Hero wc write only those series which will be 
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used in our investigations. 


(1.11.1) (a / a / a / a;b < b,b,c;d 1 ,d 2 /d3 / d 4 ;x,y, z,t) 

( a , k+m+n+p )(b , k+m+n ) ( c>. p ) x^y m z n t^ 


= S 


(d^ # k) (d 2 /xu) (d 3 ,n) (d 4 ,p) k j m ? n t pi 


(1.11.2) (a / a # a / ajb 1 /b 1 ,b 2 # b 2 jc^ ,c 2 / c 3/ c 4 ;x J! y / z, / t) 

( a /k+m+n+p) ( b^ # k+m) ( b 2 , n+p) x^ y m z n t^ 3 

" S rmrr-n-^u „„„•,« mrr •:,» tm ,r..rn m -rr- - r,„ - — *— r— r - — * "*** ^ ** r-n.-r- — 

(c-j_ /k)(c 2/ xn) (c 2 ,n)(c 4i p) k! m! nl pi 

( 1 .11 .3) K^( a/a/a^ajb^ , b 2 /b^, b 4 ;c ,0, c, djx,y, z, t) 

(a, k+m+n+p) (b^ ,k) (b 2 ,m) (b 3 ,n) (b 4 *p) x’ k y m z Ui 't^ > 


= S 


(c, k+m+n) (d/p) 


k ! m ! n | pi 


(1.11. 4) IC^ 2 (a, a,a,a;b^ ,b 2 , b 3 ,b 4 jc-^ /C^ /C 2 ,c 2 ;x # y,z / t) 

(a, k+m+n+p) (bj_ ,k) (b 2 ,m) (b 3/ n) (b 4/ p)x k y m z n tP 


(c^/k+m) (c 2/ n+p) 


k ! m ! n ! pi 


(1 .11 .5 ) K^ 5 (a # a / a / b 5 jb^ ,b 2 # ..b.j,b 4 ;c # 0 , 0,0 jx,y # z,t) 


= 2 


( a, k+m+n) (b g ,p) (b^ ,k) (b 2 ,m) (b^ , n ) ( b 4 , p) x k y m z n -t^ 
(c, k+m+n+p) kj raj n» pi 


(^- .11 . 6 ) *^2 0 ^ ^1 * ^1 J i ^4 * ^i * * a 2 * ^2 / z, 1 ) 

(a-j_ ,k+m) (bg,n) (b 4 ,p) (bj_ ,k) (t^ ,m) ( a 2 ,n+p)x*V in z n t^ 


( c / k+m+n+p ) 


k ! m | n l p! 
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1.12. Multiple hyperqeometric functions of several 
variables . While several authors/ for example. Green (1834), 
Hermite (1865) and Didon (1870) have discussed what amount 
to certain specialised multiple hypergeometric functions, it 
was left to Lauricella [ 37 j to approach this topic systemati- 
cally. Beginning with the Appell functions Lauricella proceeded 
to define and study the four important functions which bear 
his name. They have the following multiple series representa- 
tions s 


(1.12.1) 


?(n) 

"A 


(a / b L ,...,b n ;c 1 ,.. . ,c n ?x 1 , . ,3^) 


CO 

E 


(a,m 1 +. * • + m n ) ( b^ ,m^ ) . . . (b ,m ) 


m 1< ...,m n =0 ( c 1 ,m 1 ) . . . (c n ,m n ) 


In l 

m i * 


m 


x 


n 


n 


m. 


n 


r ' !x i' + -**+i x n i < 1 * 


( n ^ 

(1.12.2) I'g ( a^ , . « . , a^ , b^ , . . . , b^ J c * x-^ , • * • , ) 


CO 

s 


(a^ ,m^ ) . ..(a n# m n ) ( b-^ , ) . . .(b 4 m ) 


m. 


]_/.»• rn n ==0 (c j m^ + ...-Hn ) 


X 


xi 


m 


x 

n 

m 

n 


n 


T / i -^2. ^ ^ 1 # * * * / 1 I / 


,(n) 


(1*12*3) Fq k a / b;c 1 / • • ♦ / c n ? ® , x n ) 

( a,m^+# • **fm n ) • •*rrt n ) 


oo 

2 


m. 


•.. / m n =0 (c^n^) .(c ,m ) 
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,(n) 


(1.12.4) F d (a / b 1/ ...,b n JCjx 1/ ... / x n ) 


OO 

2 


(a,m-j_ + . . .+m n ) ( ) . . . (b n/ m n ) 


m l / ***' ra n =0 (C/rrvj_ + . . .+m n ) 


*1 


m 1 ! 


m 


x 


n 


n- 


m n 1 


, i^l < 1 1 ^n 1 


< 1 


A number of following confluent forms of the Lauricella 
functions , Fg n \ F^, n ^ and F^ 1 ' 1 '* exist and which may be 

obtained by limiting processes s 


(1.12.5) i' 2 ( 3- ? / * • . / c n f x-j^ / • » » / x^ ) 

( a,m^+. . *+rn n ) 


mi 

2 _ / • * * * ^1 ^ * * * C ) ^”*1 


CO 

s 


m 


x 


n 


n 


m t 
n • 


(1.12.6) ^2^^ ^ ' * * * /1o n ?c * X 1 ' * * * ,x n' 1 


CO 

2 




rr^ — 0 ( c /in^ 4-« • • ) 


m l 


m 


(b 1/ m 1 )...(b n/ m n ) xj_ x 


n 


n 

m S 
n 


.(n) 


(1 #12*7) ; ( a/bj. , * * ♦ ./b n _i *~Jc jx-j, , .* • * 


OO 

2 


( a,m 1 + . . .+m n ) ( b^ ,xn^ ) 


.(b - ,m i ) 

n -1 n-l x 


mi/...,m n =0 (c,mi+. . ,+m n ) 


*1 


m 


x 


n 


n 
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These three functions have been mentioned previously by 
Humbert (1920), Erdelyi (1937) and Srivastava and Exton (1973) 
respectively and generalize the Humbert functions ^ 2 * ^2 an< ^ 

. Several other limiting forms of the Lauricella functions 
may be obtained such as 


( 1 .12 .8 ) 


m l 


H 1 (®1' - • •' a n' b l , ‘ ' ‘ ' b n-l ;c;x l ' ' 

” { a x ,m, ) . ■ • (a n ,m n ) (b]_ ,1^) . ..(^1 ) 

• * « / ( c + * • * ) 



nu 


m 


Xi 




n 

n - 

m 1 
n * 


-( n) 


( 1 *12 *9 ) $ ^ ( t)^ / * • • / ) 


m- 


00 

S 


( ^ # ® • ^ * ^n K ' , T ^ x^ 

rn^l 


^ i « * • f m n -0 ( c f 4-ra^ ) 


m 


x 


n 


n 


m ! * 
n 


which generalize the functions and respectively « 

These are the most interesting of the multiple confluent 
hypergeometric functions on account of their applications* 

Recently Exton [24] considered the two multiple 

hypergeometric functions closely related to Lauricella function 

( n) 

E-q and which follow as generalizations of certain of the 
quadruple functions discussed in previous section 1*11* These 
functions are defined as 



(1 *12 .10) 


( 1 ) ^ ^ t • • • i I C / C # | X X i • • • j ^ ) 

( 8. / m-j / • • ♦ / in ) ( b-i #• £tw ) * » * ( 3 d >rn ) 
-*• xi -L x n il 


oo 

s 


m-^ , . . . ,m n =0 ( c , + . . . -i-m^) ( c + • • • ) 


m 


x n 

rru i m ' 

1* n 


( 1 . 12 . 11 ) ( ( 2 ) E D n ' >(a ^ a//b l^ •••/b n ; c ?x 1 , .. . t y^) 


CO 

s 


( a / m 1 +. . .+m- k; )fe. / / rn ] < j.2. + * * * +m n' ) ' m l ^ * • ( b n /m r ,] 


m^ / ... / m n =0 (c/m^-r..«+m ) 


m„ 


m 


*1 
m l * 


x n 
n 

m n ' 


Prompted by this work Chandel [17] defined and studied the 


following function closely related to Lauricella 


(n) 


(1.12.12) |^ ) ) F^ n) (a / a , / b;c 1 , ... / c n ;x 1 , ...^5 


oo 

s 


( a,m-j_ + • » • +n\j,) ( a , m.^, ^ + • . « +m^ ) ( b/m^+ • * ■ +rci^ ) 


m 1/ ... / m n =0 (c^) (c ,rit ) 


it, m 

1 „ n 

x i x 

x n 

rnT 7 * 0 * m I 

1 * n * 


If |x i l < r i 


where r^, i = l^... # n are the associated radii of convergence 


of the series then 
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(a) is convergent if r^-fr^. = 1, with r-j_ = ••• 


'k' 


■k+l 


~Tl 


( b) j^E^ ) n ' ) convergent if r^+r^ = r^*r # with =...=r-j c / 


'k+l ~** = r it 

and (c) is convergent if (Vr^ + * . • + '^r-^)^‘+{ ^"r- k;+ ^+. . *+ 

Srivastava and Daoust [54] defined a most generalized 
multiple hypergeometric series by 


(1.12.13) 


At B * ? . . . ;B 

3 

C;D r | . . . yD 


(n) 

(n) 



AsB'f .. . ;B V “' f [(a) s©*, .. .,6^]: [(b' [(b^) : 


Ct D # ? . . ..;D 


(n) 

(n) 


[ (c) ty' , . . . [(d* ) s 6'] ?• • • ?[(d^ n ' ) s 6 KUJ ]; 


(n) -v . *.(n) 


X -| / ® • • / X . 


‘n 


00 

E 

/ . . . / m n =0 


A 


n 


,(i) 


B / 


TT r(a,+ s m.e;. 0 xr rCbi+nuSi) 

j=l J i=l 1 J j=l -> J 


B 

71 

1=1 


i=l 
(n) 


r (bh ) +m n «^. n) ) 


n 


( i) 


D' 


rru 


m 


n r (cj+ 2 m. 71 r (d'+m. 6 0 


m i * 


X . 


n 


n 

'm 1 
n 


1=1 


1 , 


-t 1 3 • i 

=1 J j =1 


1 lu l u j ' 


D 

71 

1=1 


(n) 


v t -,(n) , .(n) A 

r(d +1^6. ) 


or alternatively by 
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A; b' ; . . . ;b n ' 
(1.12.14) P / \ 

CsD';. ..;D ( ‘ nJ 


[(a) :e', .. . # e^ ] s [(b')s [ (b^ n; )s^ n; ] ; 
[(c) W (n) ] ! [ (dM:6']»...; [ (d (n) ):6 Cn) ] J 


(n)s . _(n) 


Xj. t * • * / 


A 

Tt (a.) 

j=l J me ' a-. 

J 


B # 

(n) 71 (b i } 

•* +m n e j J=1 rfl l ^ j 


CO 

E 


B 

71 

j=l 


(n) 


<b ( . n) ) , , 

3 m 9 (n) 
n 3 


m j ^ / m„ — 0 O 


n 


D' 


n (c.) 

j=l J m 1 3'' + ...+rn fV" j=l 


, \ Tl ( d'. 5 

f (n) . - vu j' . , 


n 


m l 6 i 


D 


(n) 


where 


•" " (d ) n>> (n) 

1=1 J m 5 . 

J n u 2 


V 


m 

*m f 

n * 


(1.12.15) G^, j = 3 = 1 , ...,3^; j=l/ ** ./C; 


j = 1 / . . . ,D^ ; 1 < i < n; 


are real and positive and (a) is taken to abbreviate the 
sequence of A parameters a-j_,...,a A ; (b^^) abbreviates the 

sequence of B^ parameters b[ i \ .. .,b^ P.\, i = l / ... / n? with 

B^ i; 

similar interpretations for (c) and (d^^), i = l / ... / n; etc. 
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These multiple hypergeometric functions will be frequently 
used in our investigations. 

1.13. Fox H-function . Fox p > q+1 , originally the 
G- function was defined by Meijer (1936) and E- function by 
Mac Robert (1937-38) by hyper geometric series pF . E- function 
is itself the particular case of G- function. Later on in 1946 
Meiger [41] replaced the definition of G-function by one in 
terms of Mellin-Barnes type integral. Fox [27] in 1961 
introduced a most generalized function H of one variable/ which 
includes Meiger 7 s G and Mac Robert E— functions as special cases. 

The H-function is defined as 


(1.13.1) H(x) 


1 

271 i 


0+ ioo 
/ 

cr~ic° 


F ( b..+c ^ s ) 


F (aj-ejs) 


q p 

7T r (b.+c .-c . s) it r (aj-e^+c -s) 
j=l 2 3 2 j=l 3 13 



where Cj > 0/ j = l/...,qj e. > 0, j = 1,,.,/p; q > p-KL and the 
poles of the integrand in (1.13.1) are simple. 

Gupta [31 ] defined this function with slight difference 
in parameters/ in the form 


(1.13.2) H™' 11 

p# q 



( 9*2 s ^ ^ 8 ( ^2 7 e 2 ^ • • * / .( 3-p / ) 

(b l ,f 1 ),(b 2 ,f 2 ) %,f q > 


] 



JLi 


7i r(b.-f.s) 71 r(l-a.+e.s) x S ds 


3 3 


3 3 



7T r(l-b.+f,s) 7T r(a.-e. s) 
j =m+l J J 3 =n+l J J 
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where L is a suitable contour of Barnes type such that the 
poles of r(bj-fjs), j = l f ... ,m, lie on the right and those 
of r ( l~a j+ej s) j = l,...,n, on the left of the contour. An 
empty product is to be interpreted as 1, O < m < qj 0 ^ n < p, 
e's and f ' s are all positive. Also the parameters are so 
restricted that the integral on the right of (1.13.2) is 
convergent. 

We remark in passing that a study of one form or the 
other of the H- function , which was initiated as long ago as 
1883 by S. Pincherle, appeared in the works of E.W. Barnes in 
1908, H. Mellin in 1910, A.L. Dixon and W.L. Ferrar in 1936, 

S. Bochner in 1958 and several others (cf«, e.g*, I 23], p. 49, 
§1.19 for details). A first systematic discussion of the 
properties of the H-function as a symmetrical Fourier Kernel 
was incorporated by C. Fox. [27, p. 408 ] , whose name seems to 
have been associated with this function in the literature ever 
since. 

The Meijer's G-function was generalized by Agrawal [3 ] 
in two variables. Several definitions and notations of the 
H~function of two complex variables have appeared in the 
literature. We find it convenient to employ the following 
contracted notation for the double H~ function of Mittal and 
Gupta [ 42 ] defined by 
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1.13.3) H 


, / \ / v — ( (/i. rE, , e/ ) ) t ( ( a > A ) ) ; ( ( y , C ) ) 

1 o / h;(m,n)?(r / s) x k' k' k ' p f p '' u' u 

***•• [p»q> [u,v] ly ((^^*F i ,F / £ )) : ((^ / B rf ))j((6 v ,D v )) 


q q 


S S e(§)§(Tl)'J(g / 'n) x g y ,n dgd^ / 
471 L i L 2 


with 


Jt_r(3j-Bjg) tc r(l-a. i +A 1 g) 


(1.13.4) 0(g) 


3 3 


7i r(i_3 +b. g) 7i r(a.-A. g) 
j=m+l 3 3 j=n+l 3 J 


(1.13.5) $(rj) 


77 r( 6 -D Tj ) 71 r(l-y+C. 7?) 

i =1 33 i =1 3 J 


P u 

JI r(i-6,+D. r?) 7i r( r.-c, p) 

j=r+l 3 3 j=s+l 3 3 


(1.13.6) f ( g,7?) 


71 r(l-jLl .+E . g + E' 7]) 

. 1=1 3 J 3 

k £ 

71 T (n.-EA-E'. V) n rd-v.+p-l+p'- 77) 


j =h+l 


3 3 j 


3 3 j 


where an empty product is interpreted as 1, the integers 
h,k, P^m/nz-p/q^r/ s,u,v are such that 0 < h <_ k, £ > 0, 

0 < m < q, 0 < n < P' 0 1. r < v, 0 < s < u, the coefficients 
E • / E' F-, P( , as also A., B . , C., D. r are all positive,, and 

+J -J *) -J -J J 

the sequences of parameters (a ) , ( j3 ) , (l ), (6 ), (J-h ) an< ^ 

JO CJ 

(^y are so restricted that none of the poles of the integrand 
coincide. The contour in the complex g -plane and contour 
L 2 in the complex ^-plane, are of the Mellin-Bames type with 
indentations, if necessary, to ensure that they separate one set 
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of poles from the order. 

Recently, using the abbreviation (a) to denote the set of 
A parameters a^,...,a^, and (b*'^) to denote the set of 

parameters , . . . ,b.^^ , i = l,...,n with similar interpretations 

f • \ 8 

for (c), etc., Srivastava and Panda [55] defined on 

extension of the H- function in several complex variables 
X 1 ' * * * f means °f the multiple integral 


(1.13.7) H 


,v') (,u^ n \^ n h 


A, C: [B',D 7 ] * j[B (n \D (n ^ ] 

[(a)se' 0 (n) ]s[(bMs*']?...?[(b (n) )sff (n) ]» 

[ ( c ) : f / , . . . , ^ ( n } ] s [ ( d" ) s ( 6' )!• . . . j [ ( d ( n } ) s 6 ( n } ^ 7 * ’ * ' Xn . 


^ S { % 1 ) *** $ n ( 5n^ ^1' d §n' 


(2TTO) L . . ,L n 


where 


P 

71 


(i) 


(1 •13*8 ) $.(§*) = 


r [a' i) - 6 (. i) s :i ] 


i ' 3 i' ^(il 


v 

71 

J LfL 


U) 


W = v r -l , 

r [l-b^+fc* 1 * £ ± ] 

J ~S 


B 


rrr 


7T r [l-d^+6^ £.] 71 

(i)., J J 3 ii) 


i=lx KJ - J +l 


j=V v J - / +l 


r (b^-^. 1 ^ . ) 

3 3 1 


i — 1 £ « . * fi ^ xi /. 


(1.13,9) S (^ , . 




X r n (i) 

7T r [1-a, + I! e\ X} 6. ] 

j=l J i=l J 1 


A 


t r [a .- 2 e ( i) 6 ] n r [l-c .+ 2 ] 

j=\+l 3 3=1 1 1 j=l 3 ±=1 3 1 


n 
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an empty product is to be interpreted as 1/ the coefficients 


a j i) ' J 


1/ ••• /A; j = 1, j 


5 ^^, j = and i = are positive numbers/ 


and x , jll 


(i) y (i) 


,(i> 


,U) 


, A, B , C, D are integers such that 


° < X < A, 0 < vS ^ ^ , C > 0, and 0 < ^ ^ / 

i = The contour in the complex plane is of 

the Mel 1 in- Barnes type and, as in the cases of one and two 
variables, it separates one set of poles of the integrand from 
the order, the various parameters being so restricted that 
none of these poles coincide. If we let 


(1.13.10) 


A i = S ®j 

3 =1 J 


(i) 


A / . \ ^ 

s eW + 

j = A+l 


( i) 


E 

3=1 


,(i) B (1) ,(i) 

*3 I s (i) , 3 

J ZZV *f~l 


E + 

3=1 3 


jli 

E 

j=l 


(i) 


6 ( . i} 

J 


E 6i / 1 = 1/ 

. (i) 3 

J=JU- 


• n, 


+1 


then it can be easily seen that for > 0, i = l,...,n and 
with the points Xj_ = 0, i = l,..«,n, being tacitly excluded, 
the multiple contour integral will converge absolutely and 
define an H-function of n variables, analytic in the . sectors 
given by 


arg ( x^) 1 < ^ A. H, i = 1 , . . . , 


n. 


(1.13.11) 
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The above function is most generalized function of 
several variables. 

1.14. Brief survey of the chapters . In chapter II/ we 
unify the study of two general classes of the polynomials 
studied by Gould [ 30] and Srivastava [ 5 2] • Further we extend 
this work by introducing some polynomial systems of several 
variables by means of their generating function. In the 
second part of this chapter/ we further unify the study of 
three general classes of polynomials considered by Gould [30], 
Srivastava [52] and Panda [43] by introducing another 
polynomial system of several variables. Some interesting 
special cases of these polynomials have also been discussed. 

Chapter III deals with the applications of Srivastava 
theorem (1979) to extend the work of Srivastava and Buschman 
(1975). A binomial analog of Srivastava theorem has also 
been introduced and its applications have been shown to extend 
the work of Srivastava and Buschman (1975) and the works of 
several others also. 

Chapter IV gives some applications of the operator 
3c -f-3L 3 

Q x = A x + x - — to establish the operational representations 

0 x 

of certain multiple hypergeometric functions of several 
variables. Some of their special cases have also been discussed 
to obtain operational representations of hypergeometric functions 
of four variables introduced by Exton [25] . 
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Chapter V introduces a multidimensional Whittaker transform 
to evaluate certain new multiple integrals involving multiple 
hvpergeometric functions of several variables. 

Chapter VI deals with the introduction of another multi- 
dimensional Whittaker transform to establish new integral 
representations of certain generalized hypergeometric functions 
of several variables. 

Chapter VII introduces two multidimensional Gauss' transforms 
to evaluate certain new integral representations of certain 
generalized hypergecmetric functions of several variables. 

In Chapter VIII on applications first we employ generalized 
multiple hypergeometric function of Srivastava and Daoust [54] 
to obtain the formal solution of fundamental differential 
equation of cooling of an infinitely long cylinder of given 
radius, heated to the temperature u Q = f(z) (z is the distance 
from the axis) and radiating heat into the surrounding medium 
at zero temperature. 

In second part of this chapter we evaluate certain 
integrals involving multiple hypergeometric functions of 
Srivastava and Daoust [ 54jj and their applications will be shown 
in solving a problem on heat conduction given by Bhonsle (1966) 
and in establishing some expansion formulae involving the above 
function . 
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CHAPTER II 

I 

I 

I 

I 

I 

I 


2.1 Introduction. Gould [ 4 ] considered a class of 
generalized Humbert polynomials defined by 


(2.1.1) (C-mxt+yt m ) p = £ P (m,x,y,p,C) t n , 

n=0 

where m is a positive integer and other parameters are 
unrestricted in general. 

Recently, Srivastava [6 ] considered the class of 
generalized Hermite polynomials defined by the generating 
function 

00 m -h n 

(2.1.2) £ V ( x) : = G(mxt-t m ) / 
n=0 n 

where 

OO 

(2.1.3) G(z) = £ c n z n , c q £ 0 

n=0 

and m is an arbitrary positive integer. 

Following two papers of this chapter have been published : 

1 . A note on a generating functions for certain polynomial 
systems, Ranchi Univ. Math.J. 1C) (1979), 61—66. 

Some generating functions for certain polynomial systems 
of several variables, Proc . Nat. Acad. Sci. India, Sect.A,51 
II (1981), 133-138. 


GENERATING FUNCTIONS FOR CERTAIN 
POLYNOMIAL SYSTEMS OF SEVERAL 
VARIABLES 


2 . 
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In the first part of this chapter we unify the study of 
the polynomial systems generated by (2.1.1) and (2*1.2) by 
means of the generating function 

CO 

(2.1.4) G(C-mxt-!-yt q ) = E g (m, x,y , q,C) t n , 

n=0 n 

where G(z) is any function of z, q is an arbitrary positive 
integer, and other parameters are unrestricted in general, 

oo 

For G(z) = E c n z n , c Q £ 0, C = o, q = m, y = -1 
n=0 

and on replacing m by -m in (2.1.4), we get 

(2.1.5) r™(x) = n • gn*‘“ m,X/ “ 1 - 

On the other hand, if we set 

(2.1.6) G(z) = z P , 

we get 

(2.1.7) P n (q,x,y,p,c) = g n (m., -=p, y,q,c). 

For brevity, we shall write g n for g (m, x>y, q,c ) throughout 
this chapter. 

2.2 Some Theorems . Wc state our first set of results 
given by 

Theorem 1. For every sequence. {g} , defined by (2.1.4), 

D x ^o = 


( 2 .2 . 1 ) 


0 
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(2.2.2) mng n = mxD x g n - qyD x q n _ q+1 / n > q-1 
and 

(2.2.3) n g n = x D x g n , 1 < n < q-2 
where 


Proof. If we let 


(2.2.4) F = G(C-mxt+yt q ) , 
then 

(2.2.5) || = -mt G',|~ = ( -mx+qy t q_1 ) G * « 

Therefore 

(2.2.6) mt !» | = (mx-qy t q 1 ) || 

Since 

OO 

F = S g n t n , 
n=0 

therefore, equating the coefficients of t n on both the sides, 
theorem 1 follows. 

Similarly, we may prove 

Theorem 2. For every sequence {g defined by (2.1.4), 

(2.2.7) q y D y q n _ q+1 = m x D y g n + ( n-q+1 ) g p _ q+1 / n > q-1 
and 

(2.2.8) Dy g n = 0, 0 < n < q-2. 
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2 .3. Applications of theorem 1 . Replacing m by -m 
and taking C = 0, q = m., y = -1 in theorem 1, we obtain 

m 

Corollary 2.1.1. For every sequence £ r n */ defined by 

(2 . 1 . 2 ) 


( 2 .3*1) 


D r 1 ” = ° . 

X. O s 


( 2 .3.2 ) 


x D r ul + (-l) m (-n) 1 D r m 1 ^ n > m-1 
x n m-1 x n-m+1 — 


(2.3.3) 


xD Y ll , 1 < n < (m-2) . 
x n — — 


Again, taking q = m, we get 


Corollary 2.1.2. For every sequence {P n l, defined by 


( 2 . 1 . 1 ) 


(2 .3.4) 


D x p o = °'' 


(2.3.5) n P„ = x D x P n - y D x P n ^ +1 , n > m-1 , 


(2.3.6) n = x D x P n , 1 < n < m-2. 


where 


P n = P n (m,x,y,p,C) 


Applications of theorem 2 . For q = m, theorem 2 


yields 


For every sequence {P } defined by (2.1.1) 
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(2.4.1) m y D y P n _ m+1 = mxD y P n + (n-m+1) P n „ m+1 / n > m-1 
and 


(2.4.2) D y P n = 0, 0 < n < rn-2 


2.5. Miscellaneous results. If 


(2.5.1) 


G(z) = S z n . 


n=0 


n 


then we easily have 


(2.5.2) g n = c i P n (q, — ,y,i,c). 


and 


m, , [ n/m ] 


(2.5.3) 7' n (x) " n 'S S c ri _ 


i=0 


n-(m- 




Starting with (2.2.4)/ we also establish 


(2.5.4) D x g n ^ q+1 + m D y g n = 0/ n > q-1 


Now an appeal to (2.2.7) and (2.5.4) shows that 


(2.5.5) ( qyby + x D^-n) q n = 0. 


For q = m> (2.5.4) and (2.5.5) give 


(2.5.6) D P t1 + m D P = 0/ n > m-1 
x n-m+± y n — 

and 


(myD y + x D v -n) P n = 0, respectively, 


x n 


(2.5 .7) 
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2.6 Extension of (2.1.4). Here in this section we 
further generalize (2.1.4) and introduce some polynomial 
systems of several variables by means of the generating 
function 


( 2 .6 .1 ) G( a Q +a^ x^ t+. . .+a m x m t m ) = £ 


A 


a o / 


rn 


n=0 


n,m 


*1 


x 
m 1 


t n . 


where G(z) is a function of z , m is an arbitrary positive 
integer/ x-j_/.-. / x m are all complex variables and other 
parameters are unrestricted in general. 


2.7. Differential recurrence relations* From (2.6.1)/ 
we can get the following set of 2m results s 


(2.7.1) D A 

x. O/m 


a _ / . . • / a 
o m 




X^ 

m • 


0 


and 


3 . g « ® * / 3 . 

(2.7.2) a.(n-j+l)A° m 


n~j+l ,m 


,X 1 

a 

LV 


m ; 

E i a.x. D A ... 

i l x. n-i+1 ,m 

1— i. J 


m 


*i 


X 

nr 


n > m-1 


J 


D = / j - 1 , ■ . . / m « 

X j 


2.8. Special cases . For G( z) = zP , consider 
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(2.8.1) ( a Q +a^ x^ t +• . . + a rn x in tm ) P 


= E 
n=0 


3 . / • • * 

F o' 

n/iri/p 


m 




. x 
— m- 


t n . 


from which we obtain 


(2.8.2) r 


a o*“*' a m 
n ,m,p+q 


*1 


x 

m- 


= s r 

i=0 



X 1 1 

j a . . . . , a 

*L 

a / * . . , a 

. 1 

I p o- 1 m 

• 

o' 7 m 

© 

j 

1 

* 

n-i,m,p j 

k. [ 

** 

X 


m ■ 


(2 .8.3) 


° 

n,m 


■,a 


m 


*Pj_ + * • *+P £ 



s 

E 71 

i 1 + « • .+i g =n j=l 


o ^ * * • / a m 


F i^ /Hi/Pj 



and 

(2.8.4) 


, * 3l_ # » i « i3. 

/ H-fl \ y ° m 

p+l ; n+l/iri/p+l 


-Xi- 

« 

© 

— ;x m - 


ni 

E 

i=l 


3 /<►**, 3 

1 a x r ° m 

i i n~i+l,m / p 
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The following results will also follow on the lines 


adopted in 

section §2 ; 


(2.8.5) 

cL _ # • * • > cL 

d r ° m | 

x . O/m/O I 

J 1 

-x 1 -n 

* 

• , 

© 

and 



(2 .8.6) 

a . .. 

a j (n "j +1) Vj+l 

" a m 

,m/p 


= 0 


V 

® 

© 
m 

L 3%. 


m 

S 

i=l 


~ v o* m 

S i a. x. D r 

i i x. n-x+l/iti/p 


V 

* 

+ 


n > m-1, j 


Again/ if 

CO 

(2.3.7) G(z) = E c z n , 

n=0 

then 


(2.3.8) A 


o / ' 
n,m 


# m 

- X L" 

9 

oo 3. # « • • / 3. ] 

- y c r ° m ! 

I 

'J 

i 


9 

» 

~*m- 

i n.,m,i j 

sT* 

1 


2 .9 . The Second Set of Polynomials . To unify the 
study of three general classes of polynomials considered by 
Gould [4]/ Panda f5] and Srivastava [6], Chandel [3] has 
introduced the polynomials defined by 



54 


(2.9.1) (C-mxt+yt m ) ^ G [- 


r , s 
r x t 


rru r 


(C~mxt+yt ) 


= 2 R^(m,x,y,r,s,c) t 11 , 

n=0 


n 


where m,s are any positive integers and other parameters are 
unrestricted in general. 

Here, in this section, we further generalize (2.9.1) 
and introduce polynomial systems of several variables defined 
by 


(2.9.2) (aQ+a^x^tf. . .+a m x m t m ) p G [ 


r r x ± t s 


irn r 


(a o +a l 2C l t+ --- +a m\ l t } 


] 


oo a 


m 


= S B 

n=0 n,m,p,r, s 


*1 ' x i 


X 


m 


t n . 


where i,r,s, m > 1 are integers x-^,...,^ are complex numbers 
and other parameters are unrestricted in general and 


(2.9.3) G(z) = 2 r z n (y £ 0) 

n=0 n 


Therefore., we obtain 


( 2 .9 .4 ) B. 


‘ m 
n,m,p,r, s 


X 1 


' x i“ 




[n/s] 

2 

1=0 


r . . a^, ® * * ,a 

1 1 „ o # # m 

r J x J r 

j i n-sj,m,p-rj 


*1 


L*m, 
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(2.9.5) B. 


a o' 


.,a 


m 


n/m^p+q^r/ s 


*1 ^ 


x m 


x. 


n 


= s r 

j=0 


a o' * * 
n-j /iH/p 


m 


*i 




3 . / • ® ® / 3 

B ° m 

3 s 


*L ' X i" 




(2.9.6) B. 


3 _ / » • m f 3 

o' ' m 


n 


/ m / p 1 + . . .+p t , r. 


*1 ' x i' 


X 


rn 


B a 0 # ** ,,a tn 

L+.-.+i^n i 1 /m / p 1 / r / s 


*1 ' i 


X 


m 


t 9 * * ® * a 

n r.°’ m 

j =2 


*1 


X 


m — ' 


and 

(2.9.7) 


B 


a o ' * * ’ ' a m 

’n/iti/p+1 , r, s 


*1 


' x i 


X 

m 


m 


S a.x, B 

^ ll n — 


3.q / « * • * | 3 


m 


3=0 


3 3 n— j ,m, p, r, s 






where x Q = 1 . 


2.10. Differential recurrence relations. Starting with 
(2.9.1), we obtain the set of following 3m— 1 results ; 


m k 

(2.10.1) ^ ^ a a x o a k _ a x lc _ a [ s- (k-q) r]D B 


u , • » « , a 
o' ra 


k=0 q =o q q K "* q K “ q L ' J x -? n— k,m/p,r, s 


x L ,x. 


X 


m 


m 


a j ^ 0 a j x n [p-r(n-j-K)] B n _._ 


a . . . . ,a 
o' m 


n-j- £,m,p, r, s 


*l* x i 


x 


m 


*« • 
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where j = but j ^ i < m and x = 1, 


and 


m 


(2 .10.2) D B 

x j O/m, p/ r*/ s 


*l' x ± 

® 

& 


0 / j — ■ 1 / . » . / rn 


m k 


(2.10.3) 2 2 a i x i a k- i^k-i [ x i* s ~ ( ) & D +p(^"*j) +k-n ] 

k=0 j=0 J J J J x i 


B 


/ . « . / a 
o' ' m 

’n-k^ni/P/ r, s 


*l' x i 


X 


m — 


m 


SIq / * * * i 3. 

= a i x i j^ 0 a j X j tP=- r ‘ n -i-j>.] 


*i' x i 


■ X rr, 

— m 


(-l) n 

2.11. An interesting special case. Taking Y n = — — 


in (2.9.2) we obtain 

(2.11.1) (a Q +a^x^t+. . * +a m x tri t m ) ^ exp [ 


r , s 
r x- t 

i 


hk r 


( V fa l x l t+ -" +a mV : ) 


CO 3 »® © a . Pl 

2 C ° m 

n=0 . n^m^p^r/S 


• ■ 

- 


from which we find that 


(2.11.2) C 


a_ / . . . / a 
o' ' m 

n^m,p, r, s 


V x j 




t n , 


[n/s] (-D J r. . 
j £ 0 Jl r X± n-sj/m/p-rj 


m 


« 

« 
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(2.11.3)’ C 


a o' 


m 


n /iU/p+q, r, s 


^.Xi+Xj 

* 

» 

<3 

*ta 


c ° m 

n-k/Ki/P/ r, s 


i 

•t~i 

X 

i 

cr / ft # • » 3 

c 4 o ; J m 

Xi # X. 

ft 

: 

k,m*q,rvs 

* 

-ft 

L - 


X 

m 


(2.11.4) C 


a Q / « * * / a. 


m 


n 


,m / p 1 + . . .+p t ,r, s 


X 1 ' X 1 + “ * • +x t 


m 


and 


kj_ + . . .+k t =n i 


(2.11.5) C 


a o'***' a m 
njirpp, r, s 


t a_ , . . . ,a 

71 C ° m 

=1 k i ,m,p i ,r / s 


*l tX i 


. x 
— ra 


Xi-Xi+Xy 

ft. 


,k rk k 


[n/s] (-1) r ” x: a^,...,a. 


E 

k=0 


o' 


m 


k! 


, 'n-ks / m / p-rk / r, s 


*i' x i 


X 


m 


Other results involving the C 


St ^ # • # * # 3 
cr # m 

nj m/p^r/S 


*l' X i 


x. 


m 


defined by (2.11.1) can be derived on the lines adopted in the 
Sections §2.9 and §2.10. 

( q) 

2.12. Another Special Case. Taking r n = — in (2.9.2) 


we obtain 
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(2.12.1) ( a Q +. . .+a m :x tn t m ) P [ •*• 


r r x. t s 
1 


(a o +a l x l t+ -" +a m x to tr ” ) ' 


00 a , • . » , a 

s E m 

n=0 n /in, p, q, r, s 


*1' x i 


X 

— m 


from which we find that 


(2.12.2) E. 


0 . / ® *»*cL 

, o' m 

n / m / p / q / r, s 


v x 1 


Jn/s] r. a o'"" a m 

^ 1 3 i ««. c n m r-N 


x L/ x± 


— r p 

j * i n-sj ,rn,p-rj 


(2 .12.3) 


a_ / • • * / a 

.o' ' m 


n /iri/Pj +p 2 j q^_ +q 2 / r, 


30 a _ # ...» cl 

EE m 

k=0 n-k / m / p 1 ,q 1 ,r / s 


i a. 


X^/X± 


■'k / m / p 2 / q 2 / r 7 s 


(2.12.4) E 


a o' 4 **' a m 




i/m # p 1 + . . «+p t / qj_ + . . .+q t , r, s 


n a 0 a ” 


X' X d 


k. +...+*, =n j=l k j' m ' p j' g j' r ' ; 
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a o' 


(2 .12.5) E w ,*} 

n*m / p / q-!-£,r, s 


*L' x i 

* 

& 

*m 


[ t S] E a ='V'^ . 

j _ 0 J! n->sj,ra <r p~rj,q,r,s 


*i' x i 




and 


(2.12.6) 


n 

£ 

j=0 


0.^ Q. 

O' r n 

j /m,r. 


r 

r x E 


3 . 0 , . . . / a. 


m 


n-s^m/P/q+f /r, s 


Other results involving the E. 


tl 

~m 


a_ , . ® . , a 

E ° m 


V 

0 


♦ 

• 

n- j ,m,p,q+l . 

r, s 

0 

0 


— m — 



- 

v x i 

• 

« 

• 

+E a °'-"' a m | 

n,m,t>+r, r,s ! 

~v x i 

• 

m 

® 

-*m - 

I 

- \i 

J 


a _ , . . . , a 

o' m 

"n q, r, s 


*L ' X i 


■ 3C 
— m 


defined by (2.12.1) ean be derived on the lines adopted in the 
sections §2.9 and §2.10. 

In the last we remark that in the above, two special cases 
studied in Sections §2.11 and §2.12 only those results which 
can not be derived in general (except (2.11.2) and (2.12.2 ) ), 
have been discussed. Similarly., other special cases will also 
follow by taking different values of r n in (2.9.3). 
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CHAPTER III 


I 

I 

I 

I 

I 

SRIVASTAVA THEOREM AND ITS BINOMIAL ANALOG 


3.1. Introduction . To generalize the Carlitz theorem 
[l, p. 521] Srivastava [12] has recently proved the 
following % 

—1 

Theorem. Let A(z), B(z) and z C(z) be arbitrary functions 
which are analytic in the neighbourhood of the origin, and 
assume that 


(3.1.1) 


A(0) = B(0) = C'(0) = 1 


Define the sequence 


of functions { j: C H x) }°° „ by means of 
n n=u 


(3.1.2) A(z) [B(z)] a exp (xC(z)) = £ f^ a \x) —y , 

where a and x are arbitrary complex numbers independent of . z. 
Then, for arbitrary parameters X and y independent of 


(3.1.3) ^ fj^n) (x+ny) £ . * , » , 


n=0 


where 


( 3 *1 *4 ) l = t [b( £)] exp (y C( . g) ) 
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More generally, if the function A(z), B^(z) and z C^.(z) 
are analytic about the origin such that 


(3.1 

.5 ) 

A(0) 

= B 

i ( °) = 

C'(0) 

= 1/ 

i = 1 , 

• * • r rj 

and 

if 











r 


a. 


s 


(3.1 

*6 ) 

A(z) 

n 

i=l 

C[B.( 

z)] 

exp 

( E x. 
j=l J 

C j ( z) ) 



= 

oo 

E 

n=0 

(df , . 

^n 

•va r ) 

(x l' 

* * * /X s^ 

n 

2 

n f 7 


then for arbitrary cc's, \ / s , x* s and y's independent of z. 


03 (a 1 +X 1 n ; , . . ., a +x n) , n 

(3.1.7) E g (x 1 +ny 1 , ...,x +ny ) — 

n=0 • 


r a. s 

Ml) n { [b,(?)| 2 -} exp ( s x, C.(O) 

i l J 

r B'(£) s 

1 ‘ x i [ ifnr] + £ yj c j (m 


where 


(3.1.8) £ = t 71 { [B. (2)1 exp ( 2 y. C-U)). 

i=l 1 . i=l 3 J 


A number of applications of this theorem have also been given. 


In this chapter, first of all we shall give some 
additional interesting applications of the above theorem and 
then we shall establish its binomial analog with interesting 
applications. 
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3.2 Extensions of Srivastava and Buschman results. 

For r = s =0, the result (14) due to Srivastava and Buschman 

1 1 J ~y ■£. c t ^ ^ ^ 


s 

n=0 


( cx+2 n \ ^ 

n p+q-1 p+q~l 


A( q/~n) f A(p~l ,l+a+2n)j 
A ( p+q— 1 r 1 +&+n ) / 


q q ( p-1 ) P ^ 
(p+q-1 ) p+ «'' 1 . 


= ( 1 — 4 z ) 


- 1/2 


(- 


l+(l-4z) 


w’""' t“- ,a 


For A(z) = (1-4Z) -1 / 2 , B(z) =2 [l+( l-4z) 1//2 ] ~ 1 and 

C(z) = (-z) q 2 P+2q-1 [ l-:-(l~4z) 1/2 ] “P-2q +1 / an appeal to the 


above theorem gives 


(3.2.1) 


£ 

n=0 


/ oc+xn+2 n \ 
v n 


p+q-1 £ p+ q-1 


A (q,-n)/A(p-l/l+a+\n+2n) j 
A ( p+q— 1 ,1+a+xn+n) J 


q'JCp-l )® -1 

( p+q-1 


(x+ny) 


t' 


n 


(1-4?)' 


* 1/2 


[ 


i+Ci-4 2) 


2 T 72 f exp [x(~£) q ( l__)P + 2q-l] 

1/2 l + (l-4 X,)' 2 


1-? C 


2X 

( i -4 i y 1 /2 {i + ( i -4 1 y 1 ^ 2 V 


+ M 
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(~l) q 2 p+2q ” 1 y “ - 

M = r-p, — s {q(l + Cl-4S) 1/2 ) + 1 ?( p+2q-l > (1-4 l) 2 i] 

[l+(l-4<0 V2 ] p+2< 5 


where 


(3.2.2) S = t f T7ol X exp [ y(-2) q ( Ur-* 

l + (l-4g) 1/2 J l+Cl-4?) ' 

For r = s = 0 we have from [ 11,(15) ] 


2 z n ( a+2n ) p 


n=0 


n q q 


* A(q,-n) J 

_ A ( q—p-fl , 1 -KX+n ) , A ( p— 1 , —<x— 2 n ) * 


q 

q^ x 


(l-p) P 1 (q-p+l) 1+q ~ P 


exp [ x( - z)g( hCT> 2 )2 ^] 


p £ q +1 « 

Now taking A(z) = (l-4z) , B(z) = 2 [ l4•(l~4z)^ //,2 ] ^ , 

(-l) q z q 2 2q ~ p+1 

C(z) = t ~ 7 o — ^ rr and applving the theorem we : obtain 

(l+(l-4z) 1/2 ) 2q “ p+1 * 


(3.2.3) S ( a+ /) n+2n ) p 
n=0 n q q 


A ( q,-n) J 

l_A ( q—p+1 , 1 +a+Xn+n ) , A ( p-1 /.-O'*-' tan -2 n ) ; 


q q (x+ny) 


(l-p) P_1 (q-p+l) <I ~ P+1 


n 
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(1 -ar 1/2 [ ^-T77]“ e*P [x(-?) q ( 2 — ) 2 q~ p +2.] 

' i/2 1+(1-4£) 1/2 


l+(l-4?)‘ 


1 - 2[ 


2X 


1-4 £+(1-4 g) 1 ' 2 


+ y (-D g 2 2g -p +1 t*- 1 — i] 

(l + (l-4^) 1 ' /2 ) 2q P +2 (l-4?) 1,/2 


where 


(3.2.4) £ = t [— ^ -TTTt]'" exp [ y(-£) q ) 2 q~"P +1 ] 


l+(l-4 ^) 1 / 2 " 


1 + ( 1 —4 £ ) 


and p < q+1 


Similarly for r = s =0, the result due to Srivastava 
and Buschman [ 11,(16)] gives 


v ( a +2n\ „ 

n i 0 ( n ’ p-l F p-l 


A(q,~n), A (p-q—1 ,a~n) * (~ a ) q ( p -. Cf ~l )P-q- 1 

L A (p-l,-a-2n); (p-l) 5 ” 1 


■x 


n 


= (l-4z)- 1/2 [ ' L - TT A a - exp [x(-z) q ( 2_^)2q-p+l-| 

1 4-f 1 —A ’7)'^' l+(l-4z) L/2 


1 +( l~4z) 


p > q+l . 

Therefore, for A(z) = (l-4z)~ 1//2 , B(z) = 2 [ l+d-^z) 1 / 2 ] ~ 1 

and C(z) = (-l) q 2 2q “ p+1 z q [ l+( l-4z ) 1/2 ] "2q+p-l , 
the main theorem gives 
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(3.2.5) 


2 

n=0 


/ a+Xn+2 n \ 

' V-v ' 


1 F . 
p-1 p-1 


A( q,~n) , A(p-q~l. / a+xn--n); 
A ( p-1 , -a-Xn-2 n ) ; 


( -q) p ( p-q-1 ) P (x+nv) 

(p-l)^ 1 


(1-4£)~ 1//2 2 a [l + (l-4^) 1/2 ] ~ a exp [ x(-£) q 2 2crP+1 


w[ 


2X 


1-4 ?+(l-4?) 


T 72 


- ~ ^1 [q{l-i-(l-4?) 1/2 }+2(2q-p+l)dl‘-4?)" 1/ ^ 

(-D q 2 2 ^ P+1 y^~ 1 L - 172^7^2 “] 

{l+(l-4d) 1,/2 } 2q: ^ P+2 


where 


(3.2.6) l = t[ ^-TTo]^ exp{y(-?) q ( 2 )2<rP+l-j 

1 + (1-4S) /2 i _/ >'^ 1 / 2 


l+(l-4 £)' 


and p > q+1 . 

For r = s = 0/ the result (17) due to Srivastava and Buschman 
[ll] gives 

A ( q«-n) J 


2 ( a + n ) f 


n=0 


n q q 


q 

q^ x 


A( q-p/l+a) ,A(p/~cc-n) * (-p) p (q-p) q """ P _ 


n 


2 


M r x(-z)^ n 

= (1-z) eapf- — -] 


(I_ z) q-P j ' 
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where p is positive integer < q* 

—1 —1 

Therefore for A(z) = (1-z) , B(z) = (1-z) and C(z) 


an appeal to the main theorem gives 


(~z) q 

(I_ s) q-P 


(3.2.7) S ( a +^ n + n ) t n F 
n=0 n q q 


A ( q,-n) J 

_A ( q-p,l+An+a) s A(p,“<x-An-n) ; 


q q (x+ny) 


(~p) P (q—p) q q 


(l-^)“ a '' 1 exp [ , ] 

r x y(-D q ^(qrSp) 

i _ i ] 


where 


i x y(-£) q 

(3.2.8) t = t [5 — y] exp [ -1 

^ v L (w) q-p J 


and p is a positive integer £ q. 

Again for r = s = 0, the result (18) due to Srivastava 
and Buschman [ll] gives 


E (“) F 
n=0 q q 


A ( q,-n) 


q q x 


Atpj-a), A(q-p # l+a-n) ; (~p) P (q-p) q P . 


n 


<1+z,a exp * p - q ' 



Therefore for A(z) =1, B( z) = (1+z), C( z) 


(-z) q 
( 1 +z )* 3 


the main theorem shows that 


(3.2.9) S ( a+Xn ) P 


n =0 


n q q 


A ( q/ “"n ) 7 

A(p,--a--An) , A ( q-p/l+Ct+An-n) 


q q ' ( x+ny ) 
(-p) P (q~p) q P J 


t 


n 


^ , y >ct r x ( -~ £ ) 

(l + £) exp [ =“1 

(i+L) p 


1 " u TTl + y ( -l ) q ? q ~ i [ 


i r q+(q-p)£ 


( i +?) p+1 


]5 


w here 


(3.2.10) £ = t(l + 2)^ exp — ~r) and p > q. 

“ (1 + < 0 P 


Now for r = s = 0 / [11,(19)] gives 


0 ° 

2 n ^n^ p P p 
n =0 * * 


A(p-q y -a+n) / A( q y -n ) ‘ / jq ( )P~q 


A ( p — oc ) ; 


J? 


(1+2>ctexp Piq - 


Here choosing A(z) = 1 , B( z) = 1+z, C(z) = 


(-z) q 

(l+z) p 


in the main theorem, we establish 
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(3.2.11) £ t n ( a+xn ) p 

n=0 ^ 


A (p-q^a-Xn+n ) , A(q*~n); 
A (p,~a--;\.n) ; 


(-q) g (p-q) P q (x+ny) 


P 


P 


(l + g) a exp [Kirill] 

(l+O p 


+ y(-D q ^ ( 


1 q+Tq-pTT 


>] 


where 


(3.2.12) l = t(l+?) X exp [ t z J P ] and p > q. 

U+2) P 

From [11,(20)^ for r = s =0/ we have 


v ( ^“ n ) J? 

n tc n P+P P + P 


A(p.,l+a-n) , A(q/—n) J p P q q x 
_ A ( p+q / 1 -HX~2 n ) ? ( p+q) P+ P- J 


z 


n 


= (H-4z)~ 1/2 [ 


l+(l+4z) 


172 3 


a 1 exp x(-z) q ( — - — 

1 4- ( 1 4-4 Z ) 


172 > rp ] 


Now for A(z) = U+4z)~ 1/2 , B(z) = 


1/2 


C(z) = (-z)P- 2 q p [l+(l+4z)^ 2 ] p P an appeal to the main 
theorem shows that 


(3.2.13) £ ( a+Xn-l-n ) 


n=0 


n 


F 

p+q p+q 


A(p,a+\n-n), A(q,-n)j 
A ( p+q, a+Xn-2 n ) .} 
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p p x+ny) 
(p4-q) p *^ q 


n 


(l44?)~ 1/2 [■ 


1 4- ( 1 44 £ ) 


1/2 


]~ X exp [x(~S) q 2 q ~ p {l4/l44£) 1/2 } p ~ q ] 


1 ~ l [ 


2 A 


l+4£+(l44£) 1/2 


1* 


(-l) q 2 q P y £ q ^ [q+q(l+4 ?)^ 2 4- 2£(p4-q)] 


. 1 44 ? ) 1 / 2 { 1 + ( 3 . +4 i ) 1 Z 2 } q “ P+1 


-] 


where 


(3.2.14) s = t exp [ Y(-S) q 2'3-P£l + (l44£) 1/2 S p - c I 


3*3 Extension of other results 

Recently Chandel and Yadava [5] studied some polynomial 
xdiose one of the soecial case is 


( a 0 4-a 1 Xi t +...4- a m ^ n t m)P exp [ - 


r , s 

r t 


rrw r 


(a c + a 1 x l t4-...4-a m x m t ) 


] 


“ c SL o' m "' a m 
n _ 0 n / m / p / r,s 


x L ,x ± 




t n . 


m — 1 

where i / s / m > 1 are any integers and other parameters are 
unrestricted in general. 

Thus for x^ different from jq /X^,...,^ and A(z) =1, 

B(z) = a 0 4- a-j_ x-j_ z 4- ... + 3 ^ x m z m # a = p. 
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C( z) 


r s 
-r z 


(a 0 +a-j_ z + aj Xj z +( 
the main theorem gives 


itk r 

*m x m * ) 


3 . # ® « • » 3 

(3.3.1) S C ° m 


n =0 n,m,p+?\n,r, s 


^ , x ± +ny 


m 


n 


(a o +a l x l ?+ "* +a m x m ^ 5 P ex P [ 


r yS 
t x. £ 
x 


-rru r-i 


( V a i x i ?+ **’ +a A ? } 




„ v rw a l x l +2a 2 x 2 S+ -" +m Vm 2 , 

1 ~Z LM m } 

a o +a l x l^ + ** ,+ Vm ? 


r yS -l f Sa 0+ a 1 x 1 (s-r)? + ... +Vm (s-mr)? ra 

yr 2 { g~7TJ * J 

( a o+a i Xi?+,..+ a tn x rn S ) 


where 


(3.3.2) S == t( a^ia^x-^ £+• . .-fa^x^S exp£ 


r y s 
-r y $ 


( a 0 +a 1 x^ ?+. . 


Applying same techniques several other applications can 
also be shown. 

3.4 A binomial analog of Srivastava theorem . 

In this section, we shall give a following binomial analog 
of Srivastava theorem [ 12 ] : 


—1 

Theorem . Let A(z), B(z) and z C(z) be arbitrary functions 
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which are analytic in the neighbourhood of the origin/ and 
assume that 

(3.4.1) A(0) = B(0) = C'(0) = 1. 

Define the sequence of functions (g^ a/ ( x) by means 

48 of 

(3.4.2) A(z) B(z) a [l-xC(z)] ^ = S g^ a *^(x) , 

n=0 


where and x are arbitrary complex numbers independent of z. 

Then, for arbitrary parameters X and Id independent of z. 


n 


(3.4.3) Z gU+Xn//34M. n) ( x ) 


A(£) [B(?)] a [l-xCU)]~ 13 
l~U X[B'(?)/B(g)] + 

where 

( 3 .4 .4 ) £ = t[B(£)]^[l~xC(£)] ^ . 

Generalization . If the functions A(z)/ B-(z) and z C.(z) 

J- J 

are analytic about the origin such that 

(3.4.5) A(o) = B ± (0) = C'. (o ) , i = l # ...,r 1 j = 1/.../S/ 
and if 

r a. s — j3 . 

(3.4.6) A(z) n [ B. ( z) ] 1 71 [l~x, C . ( z) ] 3 

i=l 1 j=l 3 3 
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2 $ 


( i » • • / a r/ i ® • * / 3^) 


n=0 


n 


(x 1# • • v x 0 ) 


s 

s' n 


n 


then for arbitrary a/s* 3 / s / X # s and g/ s independent of z # 


n 


( 3*4*7) S g. 


( n / * * • / 0.^-X^n * + Vi ^ * a • * * & ^ ^ / * * • / x^ ) ^ 


n=0 


n 


a. s -*j3 . 

1 TC [l-x, C .(?) ] J 
j=l ~ ~ j=l 33 


A( g) _7I [B.( ?) ] 


r Bi(?) s x. JUL C'U) 

1 - ? [ 5, ^btttt 5 + s -3 

_LX X J X J J 


where 


r X . s — ju, • 

(3.4.8) ? = t 7T (B.(2)) 1 n [l-x. CAD ] J 

i=l 1 J 1 J J 


j=l 


3.5. Proof of the theorem. By Taylor's theorem, (3.4.2) 


gives 


(3.5.1) 3) ( x ) = d^{A(z) [B(z)] tt [l-x C(z)]"^J z=0 


Therefore 


(3.5.2) >+^W">( x ) . = Djfftz) [*(z)] n i 

n z *■* 

V7 here 

(3.5.3) f(z) = A(z) [B(z)] a [l-x C(z)] , 

$(z) = [b(z)] X [l-x C(z)]~t 
Whence from (3.5.2), we have 


z=0 
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oo » n co n 

(3.5.4) 2 g^ a+An ' 0+Mn) (x) ~ = S ~j Cf(z) [ §(z)] n } 

n=0 ^ 


n ! n=0 n * z 


z=0 


Now we apply Lagrange's expansion in the form [9,p.l46j 


, n „ 

(3.5.5) S ^ r - W - Nini 


n=0 


n I z 


D„ { f ( z) [ §{ z)] n } 


■fCS) 


z -° 1-t §'U) 


where the functions f ( z) and $(z) are analytic about the origin 
and £ is given by 


(3.5.6) l = t § U), §(0) ^ 0. 

Thus the generating function (3.4.3) follows radily from (3.5.4) 
under the constraints (3.4.1) and (3.4.2). 


The derivation of the multivariable (and multi parameters) 
generating function (3.4.7) runs parallel to that of (3.4.3) 
therefore here we skip the details involved. 


3.6 Applications . Chandel and Bhargava [3,4] have 
studied the polynomials defined by 


(l-z)“ C [1 - 


xz 


(1-z) 


„ _ ( b,c ) , s n 

2 r (x,r,s) z • 

n=0 n 


+ O 

Therefore, taking A(z) =1, B(z) = (1-z) , C(z) = — — , a 

(l-z) r 

and 13 - b, we get from the above theorem 


p( b+4n,c+kn) ( 
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(1 - 2 )' 


•c+1 


[1 - 


xr -j-b 


d-2) 


1-2-2X ~x4 [- 


,s2 r + (r-s) 2 S+1 
(l-2) r - x2 s 


where 


(3.6.2) 


2 = t(l-2)“ X .[l 


x2 k 


r M . 


( 1 - 2 )' 


Chandel and Bhargava [3/ (2.4) "] gave the relation 


E A^ fC \x,r t s) 

r\ n 


n 


n=G 


(l+z) C [ l-xz S (l+z) r ”° ] b . 


Thus choosing A(z) = 1 1 B(z) = (l+z) / C(z) = z s (l+z) 

a = c and 0 = -b in the main theorem/ we obtain 


r-s 


3.6.3) 


E 4^^«>")( x , r , s ) t n 


n=0 


n 


(l + 2)~ c [l-x 2 s (l + 2) r "~ s ] b 


1+2 [ 


X Aix 


2 s ” 1 (l+2) r ~ s '' 1 (s+r2) 


T+l 


4“ 


1 — x 2 s (l+2) 


r-s 


] 


where 

(3.6.4) 


2 = t(l + 2)~ X [l-x 2 S ( 1+2 ) r ~ s ] M . 


n=0 


For Gegenbauer polynomials/ we have 

■ y - - 10 Mo • 2 rV , 2 \ — v r - 2xz -i— V 

(l-2xz+z ) = (l+z ) [1 - 1 


2 C ( x) z n 


n 


1 +z* i 


Hence taking j3 = a = ^(1 = X, A(z) = 1, B(z) = (l+z 2 )" 1 
z 

C(z) = 7y , and applying the theorem./ we establish 

1 +z z 
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( 3.6.5) 


S 

n=0 


Y +M, (x)t 


n 


( 1 + 2 ~“2 x £ ) 


1 + 


2 tK 
l+l 2 


cs 


(l-g 2 )x 

l+? 2 -2x£ 


) 


where 

(3.6.6) l = t(l + g 2 ~2x£)” A . 

Gould [7 ] considered the generalized Humbert polynomials 
defined by 


S P n (m,x,y,p,C) t n = ( C-rnxt + yt m ) p 
n=0 


[c+yt m ] P [1 - 


mxt 


C+yt 


m 


f ■ 




Thus taking j3 = a = -p, P- = X A(z) = 1, B(z) = (£+yz ) , 


C( z) 


mz 


m 


in the main theorem, we derive 


( 3.6,7) 


23 P (m,x,y,p+Xn,C) t 
n=0 


n 


(C-mx^+yf 1 ) 32 


c+yr 




1 + r_y f 1 - 1 + Jt 

C-mx^+y^ 11 


where 


( 3.6.8) 


S = t [c + y f - an ? ] 


Chandel and Yadava [ 5 , (7.1) ] studied the polynomials 
defined by 
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(a 0 +aix 1 t+...+a m : x m t m ) p [l - 


r , s 
r x. t 
x 


( 8. 4-cU X-i t-f* » * X t ) 
oil mm 


C° r~t * « * * , cl 

E E ° m 


n=0 




*L ' x 


1 




t n , 


where m, s are arbitrary positive integers/ x^ , • • • , x^ , are 

all complex numbers and other parameters are unrestricted in 
general. 

Taking A(z) =1, B(z) = a- 0 +a-j_ x^ z + . . 


cc = p, ,8 = q, C(z) 


r s 
r z 


rtn r 


( UQ*t a-^ x-^ z+ ... "ta^x^z ) 


and x^ different from x-j_ , • • • # x^, and making an appeal to the 
above theorem, we cret 


o® ^ # | 3„ 

(3.6.9) E E ° m 


n=0 n , m # p+Xn , q+jutn , r , s 


x 1 ,x i 

* 

- 


n 


( a o +a l x l ^ + * • * +a m x m^ in ' !P+1 f 1 ’ 


r y s 
r ^ S 


■q 


.rrn r 


(a o +a l x h + ”‘ + V I rn ? ) 


{ aQ+S--^ 1~X) + . . » +a^>^(l*“mX) ~ 


fir Xj_ [a Q s+( s-r) a^x^ £+. . .-K s~mr) a^x^?; ] 
( aQ+a-^x^ ?+. . .+a nx x m ? rrt ) r - r r x ± I s 


where 
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(3.6.10) l = t [a 0 +a 1 x-j_ £+. . » +a m x m ? m ]^[l 


r x. S‘ 


'ft 


■ni\ r J 


( a 0 +a l x l£ + *-- +a m V } 


Recently Chandel [2 ,(2.5)] has obtained the following 
relation for generalized 5tirling numbers 


(a.k), 


E S xv “' 
n=0 


(n,m,r) ™ [l-(H)z] ( k-1 } [l~{l-(k-l ) z} 


k / 1 . 


Taking A(z) = • , B(z) = [l-(k-l)z ^ 


3 = -m, x = 1/ C(z) = {l-(k-l)z} T ^ Ty in the main theorem^ 
we get 


(3.6.11) E S 
n=0 


( a+nA,k) , t 


n 


(n,nWiin.,r) 

- r 

(-l) m [l-tk-DS]"®/^ 1 ) [l-*{l-(k-l ) 1 } "^~ 1 ^ ] m 

mi * 1-? [k{l-(k-l)?r 1 - 

Hr [l-(k-l)?]~ (r+k " 1) / (k ” 1) . 
i- [l-(k-l)^]- r / (,c - 1, ] ' 


where 


(3.6.12) ? = t [l-(k-l)?] ‘’VOc-D [ i«{i-(]^i) gj-r/0c-l)]M 

Replacing 6 by (—a) and X by 8, the result due to 
Shrivastava and Singh [lO, (3.4)] reduces to 
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[l+i2Ci I zf [1 - ]~ S 


nio 


|p [U-y)z] n P^ n ' a - n) (x) ( 1 ^) 


N OW 


7 taking A(z) =1/ B(z) = [l+ — ziJ. z ] / c(z) = 


and making an appeal to the theorem, we derive 


( 3 . 6 . 13 ) ^ [(l-y)z] n p(-n,a +A n-n) (x) 


where 


p (-a-xn~l,- 3 -un-n) ( l+y ^ 

1-y 


n 


r 1 , (x-1) yl cc r _ y ( x— 1 ) £ n-p 

t- 1 + 2 l 1 i=rt=m 3 

, .. v (x-1) r , . 2^y 

1 ? 2+uprn { x + 2+(jc-n'T n-y7 } 


( 3 . 6 . 14 ) g = t [1 + (2~i) £ ] X [ 1 - y 3~ ^ * 


3.7 Application of multiparameters (and multivariables) 
generating function . 

For Lauricella polynomials [ 3 .,p.ll 3 ] it is readily 
observed that 
(a). 


co. 

E • 
n=0 


n F ( s) 


Til *D [~n,3 1/ ...,|3 S ; a? y 1 ,...,y g ]z 


n 


-a s r r 2 "l 3 .- 

= ( 1 -z) rr (1 + ) 3 , | zi < 1 


3=1 
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—1 

Nov; taking A(z) =1, B^(z) = (1-z) , = a, r = 1 x.. = r '•/ 

Cj(z) = / in the multivariable (and multiparameters) theorem 

(3.4.6) to (3.4.7)/ we obtain the result due to Srivastava 
[12/(3.24)] who has obtained it by quite different substitutions 
in his theorem. 


We have the following result due to Exton [6/ (3.2)] 


OO , -i 

E (^ ) ( ~n # 3^ / * * * * J -1-HX-n; x^/*®*/X s ) 

n* 3+ 3 

= (l+z) ' (l+x^z) ... (1+x z) s . 


n 


-Zi 


Choosing A(z) =1/ E^(z) = l+z, = a, r = 1 and Cj ( z) 

j = 1 / . . . / s/ and making an appeal to the multivariable theorem/ 
wo derive 


oo a-tA-i n / 

(3.7.1) 2 ( )F£ ) S/ (-n/j3 ; i > +jLL 1 n /-»/^ tjLL nj-l+a+(x 1 ~l)nj 


/ • « • / x s ) 


n 


z 


(1+?)“ n [1+x..?] ^ 

i=i : 


w[ 


n+n 


- s 

j=l 


s 


1+x 


Tt ] 


where 


X. s ~ fl ■ 

(3.7.2) ? = t(l + ?) 7T (1+x.?) -* 

j=l J 


In the last we remark that a number of additional 


applications of our theorem can also be given 
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3 .8 Some additional applications 

In this section , we further give some additional 
applications of this theorem to extend some of the results due 
to Srivastava and Buschman [u]. 

For r = I, s = 0 the result due to Srivastava and Buschman 
[ll,(14)] reduces to 

~B, A(q-n), A ( p-1 , 1 -KM-2 n ) j q q( ^ ) p-1 x , _ n 
A ( p+q~l / 1 +a-n ) ; ( p+q-1 )P +< 3~ 1 


v ( a+2 n ) F 

n _o n p+q p+q -1 


= (1-4Z)- 1 / 2 [ * 7 * ] a [l-x(-z)^( 2 )P+ 2z-l r 0 

(l+(l-4z) i/2 l+(l-4z)' /Z 


Choosing A(z) = (l-4z) B(z) 


l+(l-4z) 1/2 


C( z) = 


(~z) q 2 p+2q ~ l 
fl + (l-4z) 1 ^ 2 ! p+2q_1 


and making an appeal to the above theorem/ we obtain 


(3.8.1) S ( a +* n+2n ) f 


n=0 


n P+q p+q-1 


P+ jim, A (q./-n) /A(p-1 / l+a+2n+kn) 
A ( p+q-1 / 1 +a+n+ An ) } 


q^(p-l ^ x 
(p+q-l) P+q ' 1 . 


f 


n 


( 1 - 4^)~ 1/2 [ 2 

1+(1~4£) 1/2 


f [ l-x(-?) q (— Y^l 72 )P+2q *’ 1 


_ r 2 x , ~ 

T7 % L • *i /o ^ N 


[l+(l~4£) 1/2 ] (1-4?) 1/2 


1 
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N 


hx(-l) q 2 P+2q ~ 1 S' 3 " 1 [q{l+(l-4?) 1/2 }+2?(p+2q-‘l) (1-4?) 2 ] 

[Cl + (l-4?) 1/2 } p+2q ~ 1 - x(-?) q 2 P+2q "‘ 1 }] 


•] 


(3.8.2) ? = t [ L .- _ 3 X [ i . x ( -. g ) q ( 2__^ )P +2q-l -j -4 

1+(1-4?) X/2 i 


1 + ( 1 ”“4 ? ) 


For r = 1/. s = 0 the result due to Srivastava and 
Buschman [11,(15)] reduces to 


v n/X+2n\ „ 

E z ( „ ) , i F 

n g+1 q 


n=C- 


J3, A(q/-n.)j 

A ( q-p+1 , 1 +(X+n ) , A ( p-1 , -0C-2 n ) 


q 

q x 


(l-p)^ 1 ( q-p+1 )^ P+1 


(l-4z r 1/2 [ 2 -T7o] a [l- X (-z) q ( 2_) 2 q-P +1 ] 

n-d-ir.l 1 '' 2 H-a-4z) 1/2 


•3 


1 + ( 1—4 z ) 

Thus in the main theorem, taking 

- 1/2 


A(z) = (l-4z) ' , B(z) 


1 +( 1 —4 z ) 


172 


and 


C(z) = 2 2 q ~ p '■*■(- z) q [l+(l~4z)^ ///2 ] p 2q ""^ # we establish 


Vv 

(3.8.3) S t n ( a+Xn+2n ) 


F 


n=0 


n q+1 q 


3-fjU.n, A(q,-n); 

A ( q—p+1 , 1 +cc-f-n+\n) , A ( p-1 , -a-2 n- An ) 


q q x 


(l-p) P_1 (q-p+1 ) q " P+1 
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(l-4£)‘ 


l-l [ 


l+(l~4g)' 

2A 


[l-x(-£) q (- 


,2q—p+l -] -]3 


1 +( 1— 4 2 )' 


(1-4 l) 1 / 2 [ l+Cl-4?) 1 ^ 


(_D q 2 2 q-p+1 j- i + ( 1 -4g) 1 / 2 j P~ 2 cq " 2 [ q g q — 1 {l+(l-4g)^ 
1-x 2 2q ~P +1 ( - £) q [ l+(l-4 ?) 1/2 ] P-2q-l ‘ 


where 


(3.8.4) Z = t[ ^ r 

1+(1-4S) ' 

and p < q+1 . 


| X [l-x 2 2crp+1 (-?)‘ I {l+(l-4n 5 '! p - 2q-1 ]~ M 


For r = 1, s — Of the result due to Srivastava and. 
Buschman [11,(16)] gives 

00 (Yj_o n i 3/ A(q # -n), A (p-q-1 ,a-n) ; ( -g) q ( p-cr-l ) p q \ 


,a+2n\ „ 

n =0 n P P- 1 


A ( p-1 ,-a-2n) $ 


(p-1 ) - 


(l-4z)" 


1 +( l-4z) J 


■) a [x-x(-z) q ( 2 _ r ) 2 <r-P+i ]-e , 


l+(l-4z)‘ 


p > q+1 


Now choosing A( z) = (1— 4z) , B(z) 


1 +( 1 —4 z ) 


C(z) 


(--l) q 2 q 2 ^ q “*P +q 

— T 7? 2~ '-" - p ' + T an< ^ a PPlying the theorem, we get 


{i+(i- 4 z) x/ ^r q “ 


(3.8.5) S ( a+ ^ +2n ) p 

n — n n P P"” 1 


3-Hxn,A (q,-n) A ( p-q**l ,a-n+Xn) 
A ( p-1 , -a- 2 n-A n ) ; 


-cr-1 


(-ql^p-q-ljP ' 11 

(p-l)P - 1 


X t 
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(1-4 zr 1/2 [ 2__;|® [l-x(-S) q ( 2 — ^^) 2 q-p+! ]~3 

l+(l-4 ?)' L /^ i J.M _/! 


l+(l-4£)' 


1 -£[A { 


(1-4^) 1//2 [l+(l-4 
2 cr 


} + 


i- jux{ 


(>l) q 2 -p+l ^q~*l [ i+( ! -4 g) 1 / 2 ] P~2 or 2 [ q{ ! + ( g)2 ? c g l ) - 

U-4?) 1/2 


l-(-l ) q x 2 2q ~ P+1 ? q {l+(l-4^) 1//2 } P ~ 2q “ 1 


where 


(3 4 6) y - t f 2 nXr : x(~l) q g q 2 2q " p+ ^ -,-jLt 

[ i + (r^T T ^ 3 n i -a n 1 / 2 } 2 q~P +1 ] 


{l+(l-4?r / *}‘ 


and p > q+1 


For r = 1, s = 0, the result [11,(17)] gives 


E ( tt+n ) 


n=0 


n g+i q 


A (q,-n) ; 


j A ( q-p,a-t-l ) ,A (p,~a>n) j 


q q x 


(-p) q ( q~p) q *~ p 


n 


€ 


(1-z) 


*a~l p x(-z) q -,-3 

1 ~ (l-z) q "P J 


P i q« 


— 1 -.1 

Therefore selecting A(z) = (1-z) , B(z) = (1-z) , 


C(z) 


(-z) q 


(l-z) q ™P 


in the main theorem, we derive 


(3.8.7) E ( 
n=0 


a+Xn+n 

n 


) , F 

q+1 q 


,8+ j un,A( q~n) J 

_ A ( q-p , 1 +a+\n ) , a( p, ~a~Xn— n ) 


q q x 


n 


(~p)^(q-p) q q 
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(i-sr a [i 


X(~g) q n-3 
(i-2) q “ p J 


1-2 [X+l+iULx { 


(~l) q 2 q 1 ( q-~pg) j -| 
(l- 2 ) q - p -x(-?) q J 


v/here 


( 3 . 8 . 8 ) i = td -!) 4 [1 - ■ a-p 9 

(l- 2 ) q_p 

and p < q. 

For r - 1 , s = 0, [ 11 /( 18 )] reduces to 


S 

n =0 


( a ) 

n 


.-F 

q +1 q 


0 , A(q,-n)j 


A(p/-a) /A(q-p,l+a-n) i 


(-p) P (q-p) q P 


U+z) a [1 - ]-P 

(l+z) P 


/ p i q« 


Therefore for A( z) = 1 / B(z) = ( 1 +z), C(z) = — — — / the 


(l+z) P 


theorem gives 


(3.8.9) 2 ( a tr n ) . F 

n =0 n q+1 q 


P+p,n,A( q/-n ) ; 

A (pz-a-Xn) ,A(q— P/l+a+Xn—n) j 


q 


( -p) P ( q-p) q P 


n 


(l + ?) a+1 [1 - 


x(~ 2 ) q -j- 0 . 

(1 + 2) P J 


+ mJ. r ll?.-irr - l-q±.LgzpiiI. i 

(l+ 2 ) p -x(-l ) q 2 q 


v?here 


( 3 . 8 . 10 ) 2 = t [l + 2 ] X [l-x ]~ M 

(l+2) p 

and p < q. 
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.a. 


For r - l t . s - 0, [11,(19)] reduces to 
3/ A(p-q/-a+n) ,A(q,-n) ? 


Jo ( »’ p**p 


A (p,-a) j 


(~g) q (p-»q) P q 

p 


x 


n 


2 


= (l+z) a [1 - ]-P. 

( 1+z)^ 

Whence choosing A(z) = 1, B(z) 
theorem, we establish 


(„i\q 7 q 

(1-i-z), C(z) = — — in the 

(l+z) P 


(3.8.11) E ( a+Xn ) 


n=0 


n p+1 p 


P+jun, A(p-q,-a~\n+n) ,A(q,-*r\) J 
A ( p,— a-Xn) j 


(-q) q (p-q) p - q ‘ 


P - 


P 


n 


(l + ?) a+1 [l - j- 13 


(l + g) P 


X _ g r ^_x + M x(~l) q g q 5 Ca-i-Ca—p) t} -j 
' (l+?) p -x(-£) q 


where 


(3.8.12) ? = t [l + £l X [l-x ]~ 4 and p > q. 

(1 + ?) P 


2 ^a-l-n^ 


For r = 1, s = 0 the result [ll,(20)] gives 

■0, A(p,a-n) ,A(q,-n) ; 

p p q q x 
(p+q) P+q 


F 


n=0 n p+q+1 P+q 


A ( p+q, cc-2n) ; 


n 


( l+4z) 


- 1/2 


t — 2 — t 72 r a [i-x(-z) q ( — ^- 177 ) <i " p ]~ p . 

l+(l+4z) 1/2 l + (l+4z'!r /2 
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i /2 

Therefore, choosing A( s) = (l44z) '^ 2 , B(z) = - , 

C ( z) = (~z) q [ 1 J P~g and making an appeal to the main 


theorem, we obtain 


(3.8.13) E (a+xn-l-ii) p 

n _ 0 n p+q+1 p+q 


1 8+ju,n,A(p,a+Xn~n) ,A ( q,-n) J 
A(p+q,a+\n-2n) j 


p p q q x 
(p+q) P fq . 


n 


(l+4?) -1/2 [■ 


i+a+4?) 


]-a [i- x( ->;) q (- 2_^<r p ]-3 

^ 1 jlT 1 jlA y ^4 / ^ 


1 4(1 44 ^ ) 


1-s [■ 


2X 


(l+4g) 1/2 [1+(1+4^) 1/2 ] 


(-i) q jux [i+d+4?) 1/2 ] p ” q “ 1 [ — --^ - 1 72+q ^ q ~ 1 c ltd 44 s ) : 1/2 3] 

( 1 +4 £ ) 


a/2 


2 P-q [ i- x (-£) q £ i±ii± |il }P“ q ] 

where 


1/2 


(3.8.14) ^ = t [ Ltll+i i l .. jX [l- x (-£) q ] 


4 


and p,q are positive integers. 

Similarly applying the same techniques several other 
applications of the above theorem can be established. 
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By induction, we can easily prove 


(4.2 .1) 


n n, ak-Av 
Q x (x ) 


k n (a) n x ^-k«lc 


and 


(4.2 .2) 


n C Ta=TTk+\) 

Q x x 


(- 1 ) 


n 


(a) n Ck) n x «-^+k+nk 


Now making an appeal to the above properties of the 
operator, we establish the following result % 


Q*v * *"*3i Q Nr *** Qy y 

(4.2.3) (1 + — — ) 1 ...(1 + — exp( — 
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3 x w n~l , x 
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x 
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■v+1 
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k> 


2 F 1 (CC 'W X )} 


ak~A J 3 y+l k y+l”^+l 

x x v+l 


B 1 k rX 1 
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'A 
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/ 


\yi 


ic l 


k 


k x 
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k x X M-1 


k 


n-l 


kx x 


•n-1 
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y v y v +i 


* • • ‘ t 
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, x ] 


v 


n-1 
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where for convergence 


v , k 

y , k X 


• i v k i 
i=l k. y. 1 

1 J x 


k k. 
n-1 k x x. 1 

E I 

i=v+l i 


1 + I x k I < 1 


Proof . 
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1 n-1 
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n 
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m 


x 
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Vt±,x n~l,x 
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x 


*v*L 


•*' x n-l 


(r 1 -i)k. +\ 
y l * * * y n-l 


(r -l)k 1 + X - 
n-1 r-1 n-1 


ak-X &V+1 ] S+1~\>+1 


P ,k -X . 

n-1 n-1 n-1 


x. 


v+l 


■■■ V-i 

k n-l +X n-l 


(r 1 -l )k 1 +k L 


y l 


•• ■ Y. 


n-1 


CO 

E 


m-[_ / • • • / ^ 


( 


k x* A 


(cc) (jSn) * » ■* ( 3,~ ) 

♦. *fm n 1 • n 


n 


m, 


n 


x -j- / jvx ^ / 

Kp ( 

= R*H«S. of {4*2*3) * 


(l 'l ) m 1 -" (r n > m n "1 ! — m n 1 


kx* -: n y , kx x k+i j m v+i 




V+l 


Y vZi 


k 


V ^ 

k x x 


n-1 


n -1 ra .. , m 

^ n—1 ^ ^k-j n 


n-1 
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This completes the proof. 

Similarly applying the same techniques/ we obtain the following 
operational results ; 


( 4 . 2 . 4 ) (1 + 


w 1 ~cc w - i 

1 ... (i + -SZixS) n- 1 


Q 


y 


4 y 


{ 


*1 **• x n~l 


A J 3 A *“* A. A 
n-l^n-l n~l 


v 


(? -l)k+X 


h ft 

*1 ••• *n-l 


2 l' 1 (a n ,g n ;r,y-hj 

k n-l P n-l~ X n-l 


(?-l)k+k 


\ 

( \ 

[oC^ / • « » / / • • . / 3 n JT? — t 

~ k y 


k - x 


n~l 


"n-1 ^n~l _ 


k y 


JV 1 

/ Y J / 


provided that 


ly k | < 1/ 


k. 

k, x. 1 
x 1 


k y' 


IT 


< 1/ i = !/.../( n— 1 ) 


n-1 

JT exp 

i=l "i tY 


-Q v fl Vs x ak -k y 3 *~\ 

(__z.) { (^-1)]^+^ (r^ J ;-l )k_, +X 


*i 
k k 


A — 'JL ,/ JV t / .* 

n-1 n-1 n-1 

*-^n-l 


2 F 1 (a / |B; r n ; £_Z~) 1 
^n 


( 4 . 2 . 5 ) 


94 


x ak-X 6k-X 

~~1 F' ,-Dk -,+X 7 
n-1 n-1 n-1 


Tr^ :: rTi^+x 1 

y l * * * y n-l 


,( n) 


2 k X 


.2 k k k k 


jv jx 1 C- JV 

X Y k X y X Y 

'!*•••# ' n / — * • • * / — — ^ £ 


*iA 


E '•■" k „ > k 

^ k , y r 1 y n 

n-1 1 n-1 


where 


n-1 

S 

i=l 


.(^ 4 ^ ) 1/2 , + 

Vi 1 


< 1 


Q — ( Pi + * * • +%> ) Q„ 

(4.2 .6) (1 + -~) 1 r x 


exp Q y ^ Q ^+l f x + * “ + Q n~l,x^ 


{ 


ak-X fi v+1 ] S +1 -X y+1 

x x m in Vj 

(Y~l)k+X 


13 * k 1 -X 

n-1 n-1 n-1 


k 


F 1 (a / S jrj 

y 


ak-X ^v+l k y+l~ x w-l 


x x. 


|3 -t k 1 —X 1 
n-1 n-1 n-1 


v+1 


... X 1 

n-1 


(r-l )k+x 


? ( n) 
‘D 


k 


, , k k a>+l 

„ . „ x" x k k v-Kl x x v+i 
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y y y 

k 1 x k x n 1 „k 

n-1 n-l x 

•••' k ' "K 

y y 


/ 
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k k . x x k i x x t 
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y 


y 
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(4.2.7) exp [ - { 


w. 


~ +*••+ rr- — 1] 


1 tY 


w 


n-1 ,y 


ak-X 


*i 




(7 - —1 ) k -| * 

n-1 n-1 n-1 
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V 

-n 


-1 
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x 
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Yl Y n-1 


(r r i)k -+X 1 
n-l n-1 n-1 


'j( n XctjT 1/ . . .^ T n ; 1 x j c - /••■< \ 

W k n -l y n-I 


ks 

< x )/ 
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(3 n-l ]C n-l~ X n~l 
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k 
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*Y 
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i/y V 
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. ak-X ^n~ 

x ••• * n -l 
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n-1 n-1 n-1 
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y y ± 
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V 
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x 
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x 
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where i is any positive integer 


(4.2 .10) (1 + -itl) 


/y + 3 y ) 


exp [ - q“ tw m ^ x +.*.+ w n _ 1/X l 


a i k i“ X i ctk-X Pv+l\+l^v+l 


X 


^n-l k n-l X n— 1 

Vi 


( r-l )k+x 


.pP.-Ca/ 3 n ;yj u) .} 

■ X y 


a i k i~ X i ak-x 0y+l k v+l~Vt4 

V * X! X 

X 


3 i k -,-k i 

p n~l n-1 n~l 


(r-i).k+x 


97 


( v ) t ? ( n) 
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where i ; is any positive integer, 
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where i is any positive integer. 
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4*3 Some Particular Cases* In this section* we shall 
give some special cases of the results obtained in Section §4.2. 

For n = 3/ V =1 (4.2.9) gives 


(4.3.1) (1 + -2) 1 exp (— 2Llx2) 

Q y ' w i,y 

ak-X ,8 2 k 2~ ?v 2 

x Xj 

(r -1 ) k-!-X ^ r i” 1 

Y y, 


,F 1 (a / (3 3? r i ? Sj-)} 
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ak-x /3 2 k 2"" X 2 
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(r - 1 ) k+X ( r i~ 1 } k i +X i 

k k 2 
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F G (a / 0 1/ 3 2/ 3 3 ;r / r i? , — - 

y Vi 1 V 


and for n = 4* ^ = 3* (4.2.9) gives 
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vp l Tp 2^ p 3' X 

(4.3.2) (1 + -~) 
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x k x k x k ks 
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while for n = 4* V = 2, (4.2*9) gives 
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Q, r -Oi +8 0 ) „ / Q x w 3 / x^ 
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Q y 1 /Y 
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Similarly for n = 3/ v =1 (4.2.10) gives 
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For n = 2 / v = 1 1 (4.2.11) gives 
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and for n = 3 , V = 1 , ( 4 , 2 . 11 ) gives 

( 4 . 3 . 8 ) exp (— ■£-) exp (- -=-£- 2 — 2 ) 
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1 /Y w 2 ,y 


x ak-X y 3k->, VA 
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Again for n = 4 , V = 3 , ( 4 . 2 . 11 ) gives 


( 4 . 3 . 9 ) exp[-Q A (A- + A- + i-)] 


ak-X |3k-X 

x y v, 

{- 9 Ma.,8/7 4 ; Y )} 

(r 1 -l)k 1 +X 1 ( r 2 - 1)k 2 +X 2 ( V l)k 3 +X 3 


ak-X 8k— X 


(Y 1 -l)k 1 +X 1 (Y 2 ~Dk 2 +X 2 (r 3 -l)k 3 +X, 


. 2 k k , 2 k k , 2 k k . 

kxy kxy kxy k% 

£0, ( fi t P / fi r fi *^2* < ^3 / ^4 / ~ k- / k ’ k., / Y > 

^l 7 ! * 2 y 2 k 3 y 3 


While for n = 4 , ^ = 2 , ( 4 . 2 . 11 ) gives 
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i i 
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W 


whe re Y^, Kg , K^, and K 20 are hyper geometric functions 

of four variables introduced by Exton [ 5 ] • 

Similarly several other particular cases can also be obtained. 
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CHAPTER V 


I 

I 

I 

I 

I 


NEW MULTIDIMENSIONAL WHITTAKER TRANSFORM _OF 

multiple" hypergeometric functions in several 

VARIABLES 


5.1 Introduction . Recently Chandel and Dwivedi [ 2 , 3 ], 
introduced and studied the generalized Whittaker transform 


(5.1.1) L 


X, 4, V 

a l' • • • ' a r ; °' 


{ } 


u+a +. . 

X 1 r rd+o-M+a^, . .+a r ) r (a x +. . ,+d r ) 

r 

r ( 0 + ~ + a +, . .+ a + v) n r (a ) 

^ 1 r “ i=l 


co a,-l 


/ 
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•S 


a -1 ( 

■ X r r ( x x v . . . -1-X r ) 


■p ( x^y . . . -i-x r ) 


W [x(x-| + . . .+x )] £ } dx-, . . * dx 
U-t vi r ± l 


where Re ( A- ) > O, Re (o' -f i ^ ^ ^ ana 

Re (a.) > 0, j « 1, r, to evaluate certain multiple 

3 

integrals involving Exton Le], Lauricella [ 7 ] and Srivastava 
and Daoust Ls ] functions of several variables. Further, 
Chandel and Dwivedi Lij have also studied a more generalized 


Whittaker transform 


107 


( 5 . 1.2 ) 


rp/V, k-,V f 7 

h Pr ;a 

a + ( 3 . . . ,-:-3 

k \ r rCcr+i-,u-i-js 1 +. . .+3 ) rC^-i- 


••■v 


r (a 4- ~ v . .+ j 3 J r . 


..+3 ) Jt r(p.) 
r i=l 1 


x - r -J J 


/ • • • J exp l- ~ ( 2 (a ; 1 x 1 + — +« r x r )] 


o 


3=1 


r r 


r 3 3 ^“l r r j 3 YJ 

7i ( ox x, +a x ) J |_ S (a x. + . . . +a x ) J 

. , 11 rr ,,11 rr 

3=1 3=1 


r r j 3 _ 

W ^ LA S (° £ i x 1 + *’* +a r x r^ { * dx x . . . clx,, 

j=l 


where Re (X) > 0, Re ( cr + — J r • *+ & r + v) > 0 # 

Re (<? -i- 1 - M -I- , 8 , ... t 8 ) > o. Re (6. ) > 0, j = 1/ 


K 


a! a; 

1 ^ 

? 

a: oi r 


a . cx 0 


a 


a 




0 


In this chapter/ we introduce the following new 
multidimensional Whittaker transform 


(5.1.3) S X '^' V { } 

h' -'-'Pr }a 


, r and 
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2K X' 


3l + - • +a 


r( 3 1 +.,. + fl ) r [i+ J ( 3 , + ... + 0 +c 0 + m] 
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r r J j 
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“l a 2 
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2 2 2 
a. a . . . a J 
12 r 


r r r 

a-- 1 - a_ . . . a 
12 r 


/ 0, 


to evaluate certain new multiple integrals involving multiple 
hypergeometric functions of Srivastava and Daoust [s]. We 
shall also discuss some of their interesting special cases, 
to obtain multi dimensional Whittaker transforms of hyper- 
geometric functions of several variables defined by Exton [e], 
Lauricella [7] and Chandel [l ] - 


5 .2 Some Properties of the Operator . Here we write 
the following remarkable properties of the operator: 
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(5.2.1) S 


X //J 


3-f / • • • # 3 jcj 


f 5 = „ ..! } s S £'-' J '- V „ _£ i 


3^ i • • • / 


3i / ♦ • * / 




,6 n / • . . / 


(5.2.2) S' 


A ,l± , V 


D q 1( » fl] - 1 « 

P '1 J » • • t p„/ 0 


5*3 Whittake r tran sform s of generalized nature . First 
of all we establish 


m 


= X ' M ' V X A 5 1 '~ r ~ • ^ r>r ’ 


(5.3.1) Sp* '..,0 ;d * a l x 3. + ,,#+a r x t^ 


(afxj_ + ...+a£x r ) r } 


( }% ) f. » • • 3 ) r- (14*3*1 4** « .4-3 +CJ ) 

1 r m r^r 1 r + * # #4 “ m r^r 


l4*3i 4*. • *4-3 4*(7 

f ju XT \ 

2 ± ( m 1 gi-f...+m r g^ 


m l^l + * * ‘ +m -r^ r- 

x 1 ■■ (%+—+P r ) mi5l+ ...«, rf; 


a + 2 { % + '" +P r +a) ± tl) m 1 | 1 +...«n r | r 


An appeal to the above result gives the following 
results involving Srivastava and Daoust function [ 8] 


(r) 


(5.3.2) S^' V o {F AsB#? *'* ?B (r) 


%«•••' ^ r ? a e-D' ; • • • 


[ ( a) s 0 


/ q( ^ 1 • 

/ • * * / u J * 


[ (c) I*', ...,S (r) ] : 


j 
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C ( b' ) s §' ] i ...;[( b ( r) ) r) ] , 

C(d'):6 , ];...j[(d (r) )!6 (r) ] ; 


§ 

u l ( a i ^l * * * +Q V X r -) !•••• uj of X, + . . . +a^O r 


r r 


r v 1^1 


r r 


jA+3; B'-fl j . . . ;B^ r Xl 


C+3t D / ; « . . ;D 


(r) 


[(3.);0 / / ... # 0^ ^J/^l+j3^ + «*« + 3^"KJ : >•*/ g j 

£ 3i + « • &i / •••/! r l/ 


[■ 


1+3 1 + , . ,+3 r +a z ^ £ 


+ *: 2 " '***' 5 s ] •[(b , )*.$ / ]j , [jS 1 :g 1 ];-..;[(b (r) ) 


E 1 + 2”( 3j> +# • «+j3 +CT ) + M ! 2“/ * • * fn" ] s [ (d* ) ; 5*] J . » . J [ ( d^ ^ ) 


^ ] ' [ ^r s £rl * 

*cu X / * * • /H X 

6 (r) ]; , 


provided that Re( |3^+« • .+0 r +cr) >2 Re \V \ -1, K^O and 


lT , ( i ) 


D (i) 

(x) 


i-g x + s r.^ + s si 

j =i J j =i 


, p (i) 

^ 1 ® ) 

s e . - s $: > o / i=i / . . . ,r 

j=i 3 j=i 3 


( r) 

( 5 . 3 . 3 ) S^' V 6 


[(a)s 0 ',...,e (r ' ) ]:[(b'):§'] ?.»./' [ (b ( r) ) s r) ] J 
[ (c)s¥ , / ...,f^]j[(d'); 6 / ] [ (d (r) ) ; 6 (r ^ ] J 



Ill 


u. 


§1 r j j T) , 

1 ( a l x l + * * ’ +a r x r ) C S (<x 1 x 1 +...-HX r x r )] 

j = 1 


r r £ r r j j 

< u r (a 1 x 1 +...+a r x r ) [ e (a 1 x L +...+a x )] 

j=l 


-pA+3; B* +1 j m • . *B^ ^4-1 
* ( r-) 

C+3sD / ....yD vi; 


[(a) s0 7 , . . .,0 (r) ] , [ l+g 1 + .. .+0 r -KT : 
[ (c)sf [3 1 + ...+3 r s 


S 1 ^l'---'S r +T, r 3 / [ 


1 + j3j^ -r# © » *f §i+T)^ 


+ ^ 


/ • * • / 


; +T1 

■V s ] * 


1 M+'H-l § r +T V 

£l'***'£ r ] ' t 1 + |Oi+-‘+.Q r +^) " 2 ~ 1 S 


[(b')s§'] , [ % '4 il ],*».,,[ (b (r) ):§ (r) ] , [p r :§ r l ? 

[ (d') sg'] [ (d (r) );6 ( r) ] J 


u-j_ X 


-(Sj+V 


, u T 


~«r + V 


where Re( J3 1 +* . .+3 r +a) > 2 Re j V | - 1 , K ^ 0 and 


C . D (i ^ 

l_fc.-'n.+ E 2 <5 1 ^ 

1 3=1 J j= l J 


a B (i) 

s e u) - 1 i‘ 1} > o,i 

j=l J j=l 3 


►*- 1 f * * » / X s * 


5.4. Special Cases . For particular interest, 
specialising the parameters here in this section, we obtain the 


followincr results ; 
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A 


1 1 


(5.4.1) 


r 3 3 

S , {exp [ s u . (a- x, +. . »+a x ) 1 } 

f — i. j ^ j ^ JL JO 


D 


P 1 ' * 


( r) r 1 u i 

■^D L • *^3-^ + 2*/ 3^ / * * • / 3^1 * *+3 r +l ? “ r 


u 

' a ] ' 


u* 


u 


provided that Re (&4-...+S ) > 0, K ^ 0 and 1-—1 < 1 / • ♦ • * I -r-l < 1 

A ' r A , A 


(5.4.2) S 


1 1 


X » TV 


,( r) 


3^ ' * * * ' ,8 r ? ~ 2 


2 {®2 (3 1 + ...+|3 r +l? 


*' T r ? 


U 1 ( a i x i + * • «+a£x ) 7 . . . / u r (a^x 1> +. . .+a^x r ) ) } 


xx u 

F i r)( %. + "* +|3 r + V r "*" T? 


u„ 


u 


where Re( j3^+* . *+3 r ) > 0, K ^ 0 and I -y I + ••* + I yi < 


X/r* 


1 1 
4'4 


(5.4.3) s'*** {^[ r) (c / (3 1 v»**,3 r ;u 1 (a{x L +...+a^x r ) / .. 

‘®1 7 * * * f @r' a 


u ( a^x^ + . . •+a^x r ) ) } 


3 F 2 


c,l+0 1 +...+0 r +a,3 1 +...+3 r +a + 2 < u-+...+u 




1 

valid if Re(j3 1 + ...+P r +a) > - j and K ^ 0, 
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X 


1 1 


£ 4 '£ 


( 5 . 4 . 4 ) s {Fj, r) (a,b;% 

i * • • s 


t * ' 


' ^r* u l (<X 1 X 1 + ' 


/ • * • / C^Xj*. * •4-OGpXp ) ) } 


4^2 


a / b * 1 4 13^ t*»* 43p40 4 3^4* ® * 43^40 J 


3 ^ 4 * • * 43 r/ 3 ^ 4 * • *+ 3 r "H 7 4 ^ ; 


U-. 4 • • • 4U 
1 • r 

X 


where Re( /3^4# * *43 r 4a) > - K ^ 0, and a or b is any negative 
integer* 

. 1 1 

i\ firgyr t \ 

(5.4.5) s 4 . 3 r ? u 1 (a£x 1 +. ..+a^.x r ) , . . 

** 2 


u ( af 3 &l + . . . +c4x r ) ) J 


2 F 1 


2 + % + *** + 4 a T ? u 1 + ...+u r 


/ 3 -j_ + . • .+ 13^+1 / 


X 


where Re( |3^ + . . .+J3 r ) > 0 and K ^ 0 


(5.4.6) ^^t.,3 r ja {F 2;1 j. •-?! 


[ j3 1 + ...-l-)3 r :l, ...,l] / [l + !(% + ... +3 r -HJ +4: i-,. ../-)] 


r l+%+...+ 3 r +a 1 1 

L ~ + V : j- / • • • / 2 J 
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[di si] [d si] 5 


U 1 (cc l x l + * * « +a r x r) ' * ' * ^ u r (a l x l + * * * +a r x r^ 


( r) u- u 

— ( 1 +,Sj_+« * • t3 -w / 3i / • • • » * d-i , « • */d* t * » m t ■— ) , 

•*■ X X 

U 1 u 

provided that |--| + ...+ |~~| < 1/ Re( . .+3 r +tf ) >2 Re ivl 


X 


and K ^ 0 


(5.4*7) {F 2:l;...7l 


[ 1 + 2~( 3^ 4- * • • + 3 ^+o > ) + ^ t 
[l+(3^+# • *+3 r +a /I] / 




1 4*3l + * • •+j3 r ,-KJ a a 

f V - " ‘ ■ ■ T" ■■ ■ JL. V • £. T1 • «. * • * 

L~“ o 2 # ** m *2 * ° ** #/ ' 


u. 


( Ckjf X^ *f* • * * 4-OC^X^ ) 4 • » V / 11 4“ ® * * 4-ct r x r ) 


= 4 r) [ % - 


"l 


u 


• ** &r' r l'“*'V 3 l + *** +P r ? T '***' ' 


valid if Re((3^* 

X. ^ . 1 jp 3 T * 


U* 

z, 


•*+3 r +a) >2 Re l^.i - If K^O and all l—l < 


(5.4.8) 




CP' 


,4 : 


3 X / . . . / 3 r 7d 2s2?. > • }2 


[%+• * *+3 r sl * *••*!] / 

l +3-j +• . *+3.+cf 
[ ±_ ±— + V : 
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[ 1+ 2 "( % + r* •+3 r +cr) + M s ,[6;1, .,.,1] 

1 X i r 

f'***'^ 5 L %il] , [ Y ! s 1 3 .?*»•? C (3a 1 ] < [ V 1 ] ? 


U 1 ^ G l 3? i + * * * +CC r x P ' * * * ' U P a l X 1 + * * * +CC r x P 


? ( r) 
C 


E +• • •+0_+o' A i / • » • A i / . . . / — ~ 1 

A A -1- X" A A J 




ti 


provided that 2 ! (--) | < 1, Re( ,8 4-. . .+|3 t _-k j ) > 2 Re 1^1 - 1 


i=l 


and K ^ 0 


( 5 . 4 . 9 ) sA ,1J s 

P^ / * • * i P r / U *//•••? 


1 

[ 1 4- ;=p( j8^-f » « w J rfi^-hCf ) Hh M 5 

ItjS-t t# • *4* j3 4*0 
[ — -*- — + *: 


1 

2 / - 
1 

2 / * 


i] 

'2 J 

-1 

*2 J 


/ * • ®i # 


U 1 ^ a i X 1 + < 


* +a r x r ) / 


rU, 


+ a * • +a r x r) 


»• • • 


(l-fj3^+ « • •+P r +0j3i / » * * / y~ / * • • * y~) .* 




u 


where all the conditions of (5*4*7) are satisfied 


(5.4.10) 0 {F 2 ,;:! 


|3, a 3t- 


[ 1 + ~( 8 1 +. . .+8 r +h ) + fi 
1+8 1 +. . »+&„+a 

[ i__ r_ +V: 
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1 In 

MM* m,, I O 41 « 

2 / • * * ^ 2 -® “ «***•/ i 

1 in r 

2* # • • ^ 2 " -» / L 1 +Pi + * * ■•+|B r +a s • 


*^1 ^ ^ * * * * ' "U.^( CC^ + » » » 4 -OC^X^, ) } 

( r) r u i U 

~ $2 % +•••+ 3 r ? ” /•••# ~] / 

where Re ( ,8^ + * * •+£ +a ) >2 Re \v \ ~ 1, and K / 0 

[ / * ♦ • / ^ J / 

1+& +# ##*?■*$ +0* 

[— hr — i v : 

r 1 1 i 

L 1 Hr 2** ( (3^ 4'~ • ♦ »H~ i 8 ^H"(T ). Hb JJL « « gf 2 * J S “" * * • • *“** / 

2"/ * * * / 2" ] s [ % : 3- ] / [ Y i : ] * • * ** [ > [^r 2 ^] * 

u l (a l x L + -* • +a r x r^ * * ’ * /U r ^ a l x l + * * * +a r x r^ * 

, « u x u 

= ^ 2 ^ [ 1+13-J_ + . • .+3^+0' J Y -j_ / • « • / Y^./ '•**/ J / 

provided that Re ( 0^ + * • «+3 r +CT) > 2 Re |V| - 1 and K O 

[0i+»» -+3 r *»l# * * */i] t 
14-3-1 H~® • *4- 3 >-4“^ 

[ ^ — + juts 
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[l + g-(0 1 + r .,+3 r +a) + JU,: ? 


v * • • /2-J '£ ' y "ly**./i / o / ... / o] v [T # ;o Jt .., / o / i / ... / i]s-;...|-j 


u l ( <x l x l +# * * +(i r x r ^ t • • • # u r (a^+. . .+a5x r ) 


( k) TP ( r) 


( 1 ) ^ ^ Jr ^l ^ / P^ / • * * / 0 r J^ * * *y~ / * • * / *“■) 

provided that Re ( + . . *+j3 +a) >2 Re |-2^| - 1 / IC ^ 0 


u. 


and if 1^-1 < r ±/ i = 1,...,# then r x = . . . = r k , r ] c+ i == * * ' =r t«-' 


*1 


(5 .4 .13) R^ fll * V 


£f 


3sl ; • * * jl 


'3l / • * •/ 3 r icr 4 s 1 j • » . jl 


[ 3^+ * • ^P^** 1 / * • • /l] / 

l-fP^ + » • 9^0 +G 


[ 


+ ^ *2*/ * * * /^T 1 / 


[ 1 + 2*( P^*® • •4-p^-HJ ) + M * 2 “/ * * * / j - ] * [ • ^\3 / * * * J [ *^1 / 

[6:1/ / [ 6 :0/#«»«/0/l/4»#* / 1 J % [ p-j^ • l] }•••/[ Pj~* 1 1 / 

( cc'^ 4* • » * *kx^x^ )/#••/ ^2, *^L * # * ^ 


(1 ) (l4*Pi“f* * m-i-jS^+CF /^i # * * • * ^ t * » * t X ^ / 


u, 


u 
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where all the conditions of (5.4.12) are satisfied 


(5.4.14) 

Pf / • • • / @ r r a 


[ 1 + rj-( • v-hfi^+O )+J4 

[l+,6 1 + . ..+3 r +a; 


1 1 - 

oT/ • • ^ ® ^ / «•* « /lj| »*"*/• * « /“** / 


1 / « • * /l] / [ 


• •+3 r +a ^ ^ 


_l ^ o i.1 o — ® » M ® 

o «. / • • • / jp 


u l^ a l x l + * . .+a^,x r ) , . . . / u r (a^x 1 + . . .+a^x r ) 


C2) E D r) (T ''’"'% V% + '” +p r J f f 1 ' 


“l 


U 


u. 

1, 


valid if K / 0, Re0 1 + ...+(3 r +a) > 2 Re \y\ - 1 and if 1~! < r ± , 

i = 1 ■/•••/ r then r x =...= r k< r k+1 =...= i** r k +r r = r^.r^ the 
r 1rf .../r being the associated radii of convergence of the 

series 


( 5 . 4 . 1 5 ) 


3 ^ 4 - « « 1 / ® • # /I 3 / 


1+& 4-* • #+/3 40" -i 1 

[ T— — i* 1 ’ 1 2 ] 


1 1 X 1 

£ 1+2" ( j3-^ + . • •+J3j.+(J ) +J4° 2 "# ... #2*J ' [6*1/ * * */l/^ / * * * * ^ J * 


[p-j_:l] / [ " 1 ] *•••“. 

£ 6 # ;0 / ... / 0 / l i ... / l] s-j 

[P r :i] , [g 1 ] ; 
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U 1 ^ a l "'1 * * *‘ : ' a r x r' ) ' * * * /U (afx, +• • .-KCx 


r r 


( v W -p) VL 

= ( l ) E C (6 /A ' ,l+fi ^+* . •+0 r +a;'>' 1 / * * . * r r j “ / . . . 


u 

' T*' 


u . 

valid if K ^ 0, Re ( 0, +. . .+0 +a ) > 2 Re \v \ - 1 and if !™| < r . , 

X i 

i = 1 1 • • * / V then (^"r^ + . • •-s-^'rj,) + + » • •+^"ir ) = 1/ where 

r-j. / • • • , being the associated radii of convergence of the 
( ~k)~{ r) 

series • 


(5.4.16) ^: V „ t p r , a { 2 P 4 


1 4* ?j-( 3^ + • ® • +P r +0 ' ) + jut / 

l+jB^+« * ®4“3 r “KJ ^4/3^4® • *^$ r 4(I 

~ - #- — 


1 4 2*( j3^4* » <*4 8^4*0’ ) w M j 


X 4j3i 4®- • ®4 t 8 40 1 4* 8 1 4 • * #48 40 

: — £ — + * , i— * £ V 


a. i i 

2 u : j(a^x 1 + ...+a^x r ) [ > s^(a 1 x L + . , .+a r x r ) ] } 


j=l 


i=l 


.(r) 


4 u„ 


4 u 


(%' ••• /|8 r ; % + *’ * + ' 8 r ? -j /*••/ “2 




provided that Re ( & + . • .4-3 r -KX) >2 Re i^i - 1 and K / 0 


( c a in') 0^/4^^ f F° “""■**** *7 

(5.4.17) s |3 ..,3 jc iF 3;l?. .. ?1 


£ |3^+. • *+|3j»s 1 / • * * * 1 3 / 

2 4*8-} 4* # • « 4*8 40 

[ — i- _ . a _ a,.... 


1] - 
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[ 1 + * * + ^r +0 ^ + 'ft *!*•••,!]! / [1 + 2-0^+.. •+3 j _-kj )— jx:l, «»•*!] 


[ 


1 4- 3^ 4-# * • 4“ 3^4*CJ 


+ ^ ;1 , . . .,1 ] , [ 


1 4 - 4 -* • • + 3 r +a 




® •**» * 
7 • • • / / 


[V 1 ! * Cv 1 ] * 


r j 3 r r 

(co-Jx^-f. . .+a^x ) 2 (a 1 x 1 +. . •+a r x r -) , . . . # u r ( (X i x i + » • ,+a r x r 

3=1 _ 


r j 3 

2 (a 1 x L +...+a r x r ) 
3=1 


} 


^ 1 +3j_ + • « •+p^,~K7 


F Vi '( 
A '• 


*1 


• / 3 —*^ i / • • • /^ » n / . • • t 


*\* •••'* p r' 1 


r ' X 2 


U„ 


4 u 


A 


0 , 


u 


where Re ( 3-^ + . • .+3^+0 ) ^ 2 Re 1 ^ ! — 1 a.nd 1^2 1 "1* • ^2 ^ ^ 4 an< ^ 


K ^ 0 


(5.4.13) 


(F 


3 




£ +*«•+ 3 j-’ 1 / ... / 1 J / 

{1+3^+. « «+3 r +<J s 2 1 . . t 2 3 , 


[i + |( 3 j_+. ..+ 3 r +a) +jll: 1 /...#i] 

[ ^•"^ - ..i, ...i] : [vi] ;•••; tv 1 ! ! 


-p 3 j x, 

1 ( a l x l + * * * +a r x r ) . s (« 1 x i + -** +a r x r ^ •••/ u r (a l :x l + ‘** +a r x rV 

j 

r j 3 

j ( cc-j 4- • • • * a r x r 

j 4 


u. 
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Ti (r), 1 ' ! ' |3 l + *** +i3 r +a n n . Y y . U l. . . 

jj ^ ■■■» - — -u j J3^ ^ ^ 3^-. ? ** aM 2* 2 * 

x x 


provided that Re ( j3^+* • «+3 r +c0 > 2 Re lid - 1/ 


U 1 

j I + , 

X^ 


i““| < 1 and K ^ 0 
X 


(5 .4.19) 


„X//I/V fp2sl? 

3-^ z . • • / ,S^. fd 3 ; * 


[l+^-(i3^ + . .. +P r +<^ ) + M* s 
£ 1 +j3^ + » • . +3^-K7 s 2 / . • . f 2 ] / 


1/.-..1 ] * [V 1 ] >•••? i>r :1 3 ? 


1 +B-I *4*# • » J r j3 

[ i — + .,1] 5 


u 1 ( a l x l +# ** +a r x P . S ( ^ x l + *** +a r x r ), *** yU r (a l 3C L + *** +a r x r' ) 

j 

r j 3 

2 (a 1 x 1+ ...4-a r x r ) } 

j=l 

VL U 

/ % o 1 r> l 

_ -cA r) /p o 1 8-, . .+0T-J /•♦*/ “o'-' ' 

- f b U>i_ / • * • / P r ^ ™ 1 ' ' r ,p l r x 2 X 2 

/ n . ,p i/t % > o rp i v 1 —1/ K ^ 0 and all 
provided that Re ( |3^ + . • •+P r +c f i 2 


l-^l < 1, i = 1 v • • • / r * 
X 


(5.4.20) S' 


X/JU/V 


n?2 :1 * * * * *1 


[ 3i + « « A*f 1 / » « * ^ 1 1 / 


Pl Pr>° [ 


1 


b* « *4^8 .^4-0 o2/®*«#2] 
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£ 1 + *j"( ,8-^+ • . « +3^+0 )+/-!■ ° £ ° 1 J J * * * * C ^ ■£ * 1 1 J 

l + 3-^ + « • » "'*,8 


[ 


j- v " i 1 1 » » »„ * 


r j j r r \ 

u 1 (a^x 1 + ..«-;-a^x r ) 2 (a^-i-. • * +a r x r' ) 7 * * * /U r^ a l x l 4 ' * * * +a rr 

j =1 


r j J 

2 +. ,.+a r x r J 


3=1 


( 3-j_ ; •* «» 3j,/^ ]_/*•*/ 2 ^ ‘®1 


U 1 U r 

1 (,8 1 + ...+3 r -i-a)~^ J '***' 


provided that all the conditions of (5.4.19) are satisfied. 

£ 3]_t. • .+3^5 1 / • • • /l 3 j 


(5.4.21) S' 


X,H,v 


&1 i * * • / 1 • 2 J • • • 


t J2'*l . o - e>0 

/ <- 


£ 1 - fj 3 ^ 4 -® • *+$£+0 * 2 j - © ® * ,/ 2 ^ • 


[l + |< 3 t +. ..+3 r +d) + t sl/.../l] 

[3 1 ? 1] , [^*.1] ?***? [fV 1 ! * J 


U 


i 1 (cc£3c l +. 


r 1 3 

.+a'x ) 2 ( a i x i + ° * * +a, r x r ' ' 

x j=l 

r 3 3 

2 (a 1 x L +...tct r x r ) 

3=1 


■ /U r ( a£"x^+. 


•• +a r x t ) 


(r) + , , ^ .T r , ^ ^ 
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r u, 1 , 

where Re ( /B-j_ + . . .+ 3 r +cf ) > 2 Re \v\ - 1 , £ < 1 and 

/ , i=l A 

K ^ 0 


(5 .4.22) S^ ,I1,V a {4 J ~*****~ 

% ' * * v fir*' 7 2 s2;. . . ;2 


[ • •+ 0 -P 1 1 3 / 


[ 


1 43^ 4- « « » 4*3 ^4-0“ 


4 ^ :1, • * . 


r 1 

[1 + 2 *( %-h. . .+3 r +cr) + 4 i 

[ 5 1 ] / [ r i”l] ?...?[ 0:1 ],[ T si] ; 


U 1 ( 0 { 3 C L +. 


r 1 j „ 

+a r x r ) S (a 1 x 1 +.. ,+a r x r ) # .,u r (a 1 x ;L + « 
j = 1 


r 3 3 

2 (a 1 x L +.«.-fa r x r ) 
j=l 


■"A 1 


4 u„ 


4 u 


(r) , 1 -!-3i+---+/3 r +a 2+f3 1 +...+3 r +a ’ “1 

' “ 2 ' T 7 l'*** 7 r' ~2' * * *' " 2 ' 

X X 


= F^' ( 


r u, 2 1 

valid if Re (3^ + ...+$ +a) > 2 Re |V| - 1, 2 1 (—“) 1 < j and 

i=l 7c 

K ^ 0. 


(s. 4 . 23 ) 


£ j3^ 4 • * #4*3^sl / ♦ * ♦ / 1 J * 

2 43i 4“ » » * +3 HKJ 
[ , 1 ] 


•i 

[l 4- 2“( 3^4 «. *4-3^0) ] • — J • • • J*~ J 


r 1 43i 4* • *43^’^"^ 

[ - — . - . — 5— +y i l / ... f l] : C %sl] d 1 *!' 1 ] ?•..?[ V* 1 ] 'C V 1 ] ; 
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r j j 

U 1 ^ 4l ^ ^ ^1 "^ * * * if^xp * * * * * ^lh. "*" * * * +&£2£.p 

r J j 

^ a l x L + * * * +a r x r ) j 1 


(it) 1 +$■£ 4- • • • h- 1 4- 3^ t * * ♦ 3 £.4*0 


*c ' ( 


”* y * y ^ / * * * / y ^ j ■~ - 2* / 


4ul 4u 

i r\ 

TT/ * • • / ’“T ' / 


provided that all the conditions of (5*4.#22) are satisfied 


(5.4.24) a { 2 P 3 


It g-( 3^ + • * • 4-3 r *fCJ ) + JLL # 

1 J r j3^ + • * » 4- 3^,+CJ 2 4*3-^ 4- • • • t3 r t0 
_ — , - - j ~ 


1 4- 2~( 3^4- • • *t 3^4-0 ) ~ /!} 


1 4*3! t ® 9<» 4 - 3-pt0 


+■ v ; 


r j j r i * 

£ u j (0^3^+. . *+a r x r ) [ S (°i Jc i + » * -+ a r x r 5 * 


^(r) /+% + ** - + 3 r + a 

£ D ^ 2 


^ i ^ i • • • 1 3-j~J 3^ +» « .+3^j 2 1 * * * * 2 

X X 


u. £ 

valid if Re ( 3i + * • »+3 r +(:r ) > 2 Re \V\ ~ 1, K 0 and I “l < 4 / 

X 

x •"* "1 ■/'***./ ic ^ 

3-^+ • • «+3 r / 1 + r /i+ 2"( ,64 + • • •+3 r +cf ) J 

(5.4.25) s*; , ^' V a . a P F 3 - „ Q 

$1 1 • • * / P r 1° 3 .3 2+3-, +.. .4,8 +0 l+3-i +• **+3 +<? 

x r x jl * a; 


1+34+. ..+3 r +d 
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r j j r . 

2 u i (a 1 x 1 +...+a x ) [ s (aJx L +...+a^x ;r )]l } 

j =1 J i=l 


( 1+3^ + * ..+3 r +a i . 4u l 4u r\ 

D ^ ^ 2 — * %/*••/ 3 r fl - M+ j( %_+. . .+3 r +cr ) # “p * * * ' ^2 


4ui 

. D -' ( •— — 2 — — — /3i/.../3 r ?l-^+^3i+*-*+3 r +a ^ 

where all the conditions of (5.4.24) are satisfied. 


‘ 5 -' l - 26) s %)'.!.,p r ,-o f 2 p 4 


,6.+. . .+3 ,1 +!•( J3]i +• ..+3 r +h)“ fi ? 


1+3 1 +. . .+3 r +a 2+3 1 +...+3 r +h 

/ — 2 


1+B-i + . . .+3„+h l +3-1 +• » .+3^.+^ 

1 £— +V, 2 V: 


2 u.(a 1 x 1 +...+a r x r ) [ S (a^+.. .+a^.x r )] 


3=1 


i=l 


4ir, 


4u 


= 4 r) tPi-.-"P r '' 1+ T (e i + -" +e r +a)+tlJ 7 h ] ' 

provided that Re ( (3^-t* • -+S r t°^ > 2 Re I v\ 1 an o ^ ^ 

[3 1 +. . .+3 r "i / •••/!] * 

(5.4.27) s £r y 1 ^ 3 ;<J ^ F 2:2 . .?2 

[l+3 1 +...+3 r +tf :2 , 


[l + i-( 3^ + » * .+3 r +cr ) +M-;l,.../lj : * 




[it3 1 t... + g r td xy-l 1]; [%a] , ? 
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u 


. r 3' 3 

1 ( a l :x l + " * * +a r x r ^ .+a r x ) * ■ 

3 1 

r j 3 

S (a 1 x 1 +.. .+a r x r ) 

3=1 




+ « 


.+a r x ) 
r r 


( r) l + 3x + * * *+3 r +^ 


*2 ' ( 


“i 


u 


Jx i \ 

v j y -i / * * * jt / * * * / '?? ) i 

r K 




where Re ( « • 4-j3^+(J ) > 2 Re | ^ | *- 1 end K ^ 0 


(5.4.28) S^ 4 ' 3 '' Q {F: 


3:-J. 


3i / * * • * ^ 3®2|**«f2 


£ 3-i +. • .+3_5 / 


2+j3 1 + ...-f0 r +CF 

L “o :1 , . . .,1 J / 


[l + 2"( ,8^-r • . • + 0 r .+O r ) + & * 1 i • • « /1 1 !"*• • 


x i3 t[%;l]f[Tiil ] ,....[p r: i], [r r a] > 


r 3 3 

(oc,£x^+. . .+a£x r ) _S i (a L x 1 +. . »+ a r x r ) * 

r 3 3 

S (ct^x^+. . 

3=1 


^r (a l x l + '** +a r x r ) 


( 


/ \ 1+ 8-|+. • .-^ r +cr ^ rU l ~r-\ 

v it ) ( ~ — « y % m # . y j / * - * / q ^ / 

‘ O * 1 * IT 


4u 


K- 


K 


provided that Re (p 1+ ...+$ r «) > 2 Re m - 1 and K ^ 0 

[P^ + ...+|3 r :l / • • «/l] / 

(5.4.29) ii! 3:2?...?2 


l+8l+...+0 r +ff 

.1 5 
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[ 1 + sj-( . .+3 r +a ) + Ji si,...,! ] 


1+B-i +. ..+6 +a 

±^1 l]:[p 1 = l].[r x ,l] I ... } [g r :l] I [r r :l] , 




r j j 

'!-CC^,X ) 2 ( X-^ + » • * +& X^,) ^ * * * ^ ”5' < 

3=1 


r j -3 

S (a 1 x L +...+a x r ) 
j =1 


♦ * +& r X r ) 


u,(r) , 2 ' K8 l + ***' he ” +a 
2 ^ T 


r- , y r .^2, 4 ^£) 

'V***' r 7 .2 '**" ,2 ; ' 

A A 


where Re •( 0J. + . . «+3 r +a) > 2 Re \V\ - 1 and K ^ 0 


(5.4.30) S 


A ,H,V 


f F 


3s-;. . 


B r ?a 4; ~ J 


[j3^ + . • .+13^.5 1/.../1J / 
[Y: 1 f ,,. / l / 0 / .../0] / 


[ 1 + 2"( B^+ . . *+B r +(J ) + M :l/.../l] s — * 

2 +|3^ + * « 

(V ,0, . . .,0,1 , . . . ,1] , [l+%+* •• + 3 r +a:2 ' . * */2] ,[ 2 

*■* ^ S 1. / * ••/ljl *’"*/«* • * h / 


r j 


u- 


^(a^x^-j-. . .-KX^x r ) £ (<x 1 _x L +. ..+a r x r ) , . . . / u r (a 1 x 1 + ...+a r x r ) 

J r j 3 ' 

2 (a L x L +...+a r x r ) 

3=1 


} 


= [l)2D r) (^^■■■^ — — + y rl3 1 .***/3 r ;r / r / ; *•••/ 
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provided that Re. ( 3 X + . . .+3 r+ff ) >2 Re \v\ - 1, K ^ 0, and 
u . 

’“T! < r i With r l = ***= r k' *Wi = ... = O rv + = 1. 


X 


r' k 


r j_ / i - being the associated radii of convergence 


the series [^E^* 


(5.4.31) s; 


X/M/^ 


£F. 


p 3 : — j- 


3i / » ♦ * 7 c 5 S"*/! * • 7" 


£ 8^ 4* • • * "f’jBj-s 1 

[ T;1 , . . ./I/O, . . . ,0 ] , 


"1 

[l 4* <3^4** • *4- |3^.4*C7 ) 4bJLLsl,**«/lj s J ® ® f— £ 

2 +jBi 4® « • 43 40 1 -fjB-i 4- * * *4-j3 -KJ 

[ ' * 2 “ si, •••/!]/ [ “ g ± ^ 

1 ,••*,!] s*” J • * • J 


u- 


r j j 

.-L ( &{ -i- * - • +a £.x r ) 2 ( a x Xj 4- ♦ * * +a r x r ) , • . * , u r ( + * * » -KX r x r ) 

j=l 

r j j 

S ( 0^ Xl 4~ « ♦ • 4-Ctr x ) 

j-l 


(k) E (r) ,l +p l + — +p r« „ 

= (1) E D ( 2 ...,P r ,T,T , ^2 ^2 ; ' 


provided that Re ( j3^+* • .+3 r +d ) >2 Re lad -1/ K/^0 and 


u, 


r . 


X 


f-l < li with r x =...= r k , r k+1 =...= r^, r k + r„ = 1, where 


r ±/ i = being the associated radii of convergence of 

. (k) T? (r) 

the series (i) e d * 
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(5*4.32) S^' V 


/W/^O JV ~ 3 S | <3 « O 

%.'***' 3 r ;a 5s-.f...j- 


[ 3^+. » * lf***/lj » 


[l + 2 "( • »+{ 3 r +0 ) + jU si , . . „ ,1 J j-j 

r 1 +|3-| +••*-;- 3 +cj 1 +.8-) +• . .+3 +<? 

L^sO,...^, ^ — — — ±v 


1 , . . . ,1 ] ■ 


/ • 




u- 


r j 

, 1 .(a£x L +. * .+a^.x r ) £ (a^x^, 

j=l 


r j 

£ (cc^Xj. +« 

j=l 


• -HX^X^,) , 


,+ a x ) 
r r 


'V a i x 1 + ' 


•“A 1 


4u 

®r\ i ’ J ("“ — , 3i / • • * / 3^,/ t / y i ^2 * * • * * * 

* \ 


( k) r,( r) / 2 +3i + -**+3 r +cr 

(l) i) l § 


4ix, 

# <y <y f ^ ... 

X 2 


provided that all the conditions of (5.4.31) are satisfied. 


/r A vi\ > ,/J- l ^ (• p4 S-J • * * *“ 

(5.4.33) S |3 1 3 r f a {F 3:-;...I- 


[l + ?j-( 3^ + • • • +3 r +a ) +/u s 1 > • 
[l 4-jS^ 4* • « / 


[ ^sl, .. .,1,0, . . .,0] , [V's0,...,0, 


1 4*3-1 4** * «4 -fi “hO 

[ — +Vtl, •••/!] 


u- 


r j j 

1 (a^x^-f. . .+a^.x r ) £ (cc 1 x 1 + ...+a r x r ) ,... / u r (a r x r +...ta r x r ) 

j 


1 JU 


r , j j 

S (GL • • *HX X ) 

j-1 11 r r 


( y) ( r ) ll u 

( ? ) / y ' /.%/••• f 3^?] 8-) +«• | tj- / • • * / — £) 

X 


r * x 2 


u , 
i , 


valid if Re ( £j_ + . . .+j3 -KJ ) > 2 Re |y| - 1, K ^ O and |-yl < r.. 


wi th r- 


1 


X 

r k # r k+l =*»•= V r k + r r = r k* r ?r where 


r- / i = are the associated radii of convergence of 


( k) p ( r) 
(2) E D 


(5.4.34) R ,fi ' 


V 


{F 


,4 s *“• 7 * * • * J 


% / • * * / 3 r ?0 *3 s * 


[ 1 + ?j-( % ^ M * 

[ 1 -f j3^ • * * +3 r +0 s 2 / # • * / 2 J 




[ 


1 4* ® ♦ * t 8 r +cr 




[t » 0 ^#o«/ 0 / 1 . / •••/Xj s -* 7 « » * * *** 7 


u. 


r j j r r 

1 (a{x L +...+aJ.x r ) r (cc 1 x 1 + ...+a r x r ) / ...,u r (a 1 x 1 + ...+a r x r ) 

j = ^- — 


r j j 

2 ( Ctl X^ + a e • "Hi X^. ) 

j=l 


I 


U 1 u 

(2) E D r ' ! ' y ' / %< * * ** ^r 11 + 2^1 + * * ’ + ^r +a ^” ^ J < 


X 4 


provided that all the conditions of (5.4.33) are satisfied 
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(5.4.35) s^ -iVa cif:;;;::;- 


[ ,8^ 4- * • / 

1 4- J3^ 4- • * *4- 3^4-CT s2 / * # • ^2] 


[ 1 + 


( ..+ 3 r +a) 


4 ^M [ 6 o 1 , ••• jl/Oj * • * # 0 ] / 


1 4” '3-1 4* « * • 4~ jS 4*0 

[ 2 + V %1 , . , ./l] / [ 3;|_ ” 1 ] / [ Ti 2 1 ] ?•*•? 


[§ / «0; « . * / 0 / l / • • • / 1 J ;**#*«*" f 

[p r =i] - [r r =i] ; 

XT j 3 

u l3 a l x l + * ** +a r x r) s ( a L x L + ...- KX r x r ) / ..., u r ( a 1 x 1 - f -, 

j=l 


r j j 

2 (a 1 3 C l +...+a r x r ) 
3=1 


.+a r x r ) 


C 3 v}t 7 \C(c) / r-t 

(1) E C ( 6' 6 


l+p-i + « * *+ 3 r +o u ]_ u r . 

—3-2 — V ^ ■ 


U, 


(&+• ..+3 r +o) > 2 Re \V 1 - 1, K ^ 0 and I 2 5 < r i 


'r-~- ~ ' • X 

,2 - - ' 2 


where Re t 

with W^+.-.+V r k ) 2 + (^r k+1 +...+Vr r )^ = 1, i = 1 

being the associated radii of convergence of the series (ij^c 

[ p^+« . .+ 3 r ” 1 / * * * #1 ] * 

C • 

n-3 • 4 


(k) E (r) 


( 5 . 4 . 36 ) tn:?,:::4a 




+ 3 j_+« * *+ 3 r +c7 


!/•••/!] 


[1 + | ( i 6 1 +...+3 r +a)+’» sl/.-.i 1 ] «[6:1. - ..,1,0,.. .,°] , 

[ 1^ + ' “ tffH + V ,1 1] •• [32 = 1] » [ T l tl ] 
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[P r !l ] * ^ r r° 1 3 ’ 


r 

j 

j 

S 

j=l 

( Ct^ X-j^ + » 

..+VP 

r 

j 

j 

S 

j=l 

(a i x r^ 

• «+a r x r ) 


.-ra r x r ) 


(k) F ( r) 

(l ) C 


1 +j3-i + • . »4-S +<J 
/ x ■ i 


Ep (6,6', — — i y r : 


4u^ 

7 ? 


4u 


1 ' 72 '***' #'• 


provided' that Re (j3 1 + . . .+3 r +a) > 2 \v\ - 1, K ^ 0, and 


K 


.i-1 < ™i t w ith (Vr^t. • (V r-^ + « . . +7 r r ) 2 


r^/ i = 1 , . • . , £v being associated radii of convergence of the 
series | ^ * 


(5.4.37) S^'V CF 5 ,:“1 ^ 

/ * * • / P r ?a o s z ;***}- 


£ 1 / * * • / 1 J i 


1 4* « » • +3 4*(J 

[ ~ 2 — -- 1 X ] 


j~ 1 -j- 2* ( 3^ • • * J r]3 ^4*C7 ) / [Ssl./»**/l/0/»**/0j 


1 4*j3-| 4*® « *4*,8 “H? 

[~ — + v -l, s [3 X ol] / [v* 1 ] 


[ 6 , ^ • • * / 1 ] s w / 

[P r :l] / [ V l l ' 
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u l (a £a 


• - !-CC * X ) 

r r 


r j 

y. (cc^x^, 


j=l 


+a r x r> , . . 


$ ^-£h( ^ 


E (a 1 x L +...+a x ) } 

j=l r r r 


(k) ^(r) „, 2 +3 1 + ..,+ 1 8 r +a _ _ 4 Ul 4u 

( l ) C ^ /6 / “ 2 5 /•*•/■ 

X X' 


2 ; / 


valid if all the conditions of Eh-^ are satisfied. 


Similarly for particular interest specialising the 
variables and applying the same techniques we can obtain 
generalized multiple Whittaker transforms of hypergeometric 
functions of different variables. 
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CHAPTER VI 
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ANOTHER MULTI DII iEMSION 
OF MULTIPLE HTPERGEOME 
SEVERAL VARIABLES 


fAL WHITTAKER TRANSFORM 
TRIC FUNCTIONS IN 


fc. 1. Introduction. Chandel [l] introduced n- 
dimen sicnal Laplacian integral operator to evaluate multiple 
integrals involving Lauricella functions [9] of several 
variables. Further Chandel [2] studied Eulerian integral 
transforms of hypergaometric functions of several variables 
of Lauricella [9j and of their confluent forms with the help 
of fractional integration. Again in an extension Chandel [3] 
studied Laplacian and Eulerian integral transforms of multiple: 
hypergeoraetric functions of several variables defined by 
Exton [7] and Chandel [i ] . Recently, Chandel and Dwivedi 
[4,5,6] introduced and studied three types of multiple 
Whittaker transforms to evaluate certain multiple integrals 
involving byperceometric functions of Srivastava and Daoust [10 
Lauricella [ 9 ] , Exton [7] , Chandel [3] and also involving 
their confluent forms.. In previous chapter V, we have studied 
new multidimensional Whittaker transforms of hypergeometric 
functions in several variables, now in this chapter we further 
introduce the following new multiple Whittaker transform z 

: ■ i F : ' : C. 


! 1 
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* * * * -ft V A / • • . / V 

( 6.1 .1 ) K r 1 r 


P_1 / • • * t ,3^/A^ / . . . ^ ^ ^ ^ ^ 


, 6 . 


j-1 


2 X- r (1 + ,3 . + ji . ) co oo r 

“ tw: — y ” (a l x l + --' ^r x r 5 

r (1+/3/) r (_JL V.) ° o 3=1 

j 3— - J 


■'M, [ X j (cC l x l + ** * +a i x r)] W V.,-v. [ X j (a l 3c L + ‘** +a ^ x r )] { * 


3 3 


3 3 


CLX-J_ • * t Clx^,/ 


provided 


Oj> 

> 2 

Re 

l*jl 

°i 

“2 

* * # 

a / 

r 

4 

a 2 

2 

* • * 

? 

a" 

r 

• • m 

• » « 

• * • 

« * t 

r 

cc£ 

b r 

• * • 

, r r 

OU 

r 


1/ 3 


b C, 


1 , . . . , r and 


to evaluate certain multiple integrals involving Srivastava 
and Daoust function [10] . For particular interest some 
special cases will also be discussed to obtain generalized 
multiple Whittaker transforms involving multiple hypergeometri 
functions of several variables defined by Chandel [3] , 

Exton [7/3] and Lauricella [9]. 

6 .2 Whittaker transform of Srivastav a and Daoust 
func tion. In this section we shall establish some properties 
of the Whittaker transform and their applications will be 
made in obtaining multiple Whittaker transform of Srivastava 
and Daoust function of several variables. From (5.1.1) it is 



clea 

(6 .2 


( 6.2 

( 6.2 

r 

= 71 

j=- 

( 6.2 
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: that 


1 ) 


t . . . /M , • . . t V 
- 8 1 ' * * * ' ' 3 r '*^i / • * * 


r _ 


A' ***' 8 r ;X l' * * *' X r 


M/ 


/ . . . / JU. 2^ —}1^ , . . . ,-V r 


1 ' * * * ' P r /A]_ 


^ i—i #■ * * • # " c , 

- L = M r X r 


/ * *> ® /X^_, ,b^ / * • • / ; 3 r I / * * * / 


1 A^_ / • * # / / * * * / ~* ""^1 / * • * * * * * * * 


~ S r ; 7v X / • • • / 7^ 1 -.%/ . .•#-/3 r ;-X 1 / * • *,-* 


M-i ^ > a fi’*’' J ^ § ® * * # ^ 

•2) Ho O .v x r I 1 }* 1 ' 

Pj^ / * * • / '°2r / 7 1 ' * * * //V 27 


. 3 ) M{ ( x^ + . . . -HX^X r ) 


2 m. 2rn 

... ( C0^ 4* • . • } 


1 + 3 , 

( ^ rt ’2n. d ( V'± t> mj 

* ?.ra~ 1 

X j (1 + ? ? 3 ± tit,. 


2m, 3 .+1 


1+3, 


r 

= 71 


2 1 (-J — •) (~ + 1)_. (-^r- 1 + v,.) 


2 1 2 


t+j ' 2 


3 m. 


, i 2m. . 

3 ’” X . ** ( 1 + rr 3 , + /1-i ) 


2 p 2. 


2n+ £ i r 

> 4 ) H{ ( CC^ x^ + . « * +Q'^.x^,) • * • ( *-tj_ Xj. + ■ 

(1+ ^1 ^ 1 yj)m i "i . 


~ 2it V£t- 
** +c, 'r x r ) 


} 


2m, g, i , 

x j J tl + j Bj ±Bj) m 


r 

n 

j-1 
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An apnea 1 to (6.2*4) gives the following Whittaker 
transform tor generalized multiple hyoer geometric function 
of Srivastava and Daoust [lo] . 


, r o p • -?B (r) 

( 6 . 2 .o) n£i! (r) 

;.0 


/'•« „ TN / o. 

^ ?, iJ ? « * o 


[ (a) , . . . ,S ( ] s [ (b' ) s §'] J 

[(c) p' , . . s[ (cl' ) ! 6']; 


...} C(b (r) ) S f (r) ] ; 

[(d (r) )t 6 (r) ] ; 


2 §i 


U X / ® ® » / CC^Xj^-r* * * 


26 . 


F 


{ r) 

As . .;b v '+3 

( r) 

CtD'+2*. * .I® +2 


[(a)sG' / ... / e (r) ]s[(b / )s« / ] , [^ L +ls2g 1 ] / 

[ ( c) s S' / . . . p/ r) ] S [( d' ) ! 6' ] /[ 1+| ! 3 ijPi s Si] / 


[ — ip- + v i*6i] *• * •;[ (b^ r ^ ) r ' ) ] / [3 r +ls2| r ], [ 2 ~ v r % %c 1 } 

U 1 

...;[(d (r) )s6 (r) ] ,[1 + 7 .8 r ±^r s §rl * “2^' '**" “2^ 

X. /- 


provided that Ke (£•) > 2 Re }^j 

(i) 


1 / 3 =!/••./ £/ 


c / • a D 

i+ 2 r. i; + 2 


3=1 


3=1 


, P (i) 

(f) A (i) _ _ ( i ) 0fc 

6) 1J - 2 e\ ~ _ 2__ §j - 2§; 


3=1 


3=1 


> 0 and 
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2 

1 CC 1 


6*3 Special Cases . For particular interest here vje 
establish the following special cases of (6.2.5) 


n *J / • » * J -J 


[ail,... ,l]t[l + | * 


i + ^ ± v i 


v.si] ; 


?[1 + | .6 r -:-|i r sl] ? 


0 1+0 ■ 

.[1 ^ ±P=1]S 


U 1 (C 1 X 1 + - 


. -f-CX^X^,) / . • » / u r (oc^x-j^ • • •+ < -X- x I -.) ^ 


p (r) _ 

r A a ' 2 7 * 


1 1 1 
;1 + /.../! + ~2" 7 ' 

/ v.^ 


4u 

r 

t 

r 


provided that Re ( 0 • ) >2 Re I ^ j I ~ 1 ? 3 


1 , . . . , r, K ^ 0 arid 


4-1 < 1. 


i=l Xj 


(6.3.2) II{ F 


,1 ; 1 ; . . . ;1 

“*53*...y3 


[ a s 1 / . • • / 1 ] ’ [l + ; ^ 1 * * * ' 

1+3* n l+k , 
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. - ; [l + 3 r + J-^sl] 


1 -;-d 1+0 

■ ;[-V- r *] ^ ± V 1 ^ 


^ p rV 


,+aJ,x r )2 u r ( a i ^l * * * * ' 1 ' a r x r } 2 J } 


F^. ; a,l + y l ,**», 1 + — ;1+ --3i / 


/ 14* srfi — /iy. J *'“‘ 9 * / • 

z r r 7 ^ 

A 1 


loroviaeci t: 


that all conditions of (6.3.1) are satisfied. 


(s.3.3) 


+7 % + h. ) * * * * 
1+0. 

—.■[1+^:2] / [-j — ' ! ' v l sl l *'*”* 


...; [l + | 3 r + ^r* 1 ! ‘ 

[i + 0 r .2] ,1-^ + V 1 ! ; 


r„ n2 


U;L ( o^cp-. . .+cc^x r ) 4 / • • * / V a i y h 


, . . . , u ( ccf ^ + • * • *’ ; ' a r x r^ * 


( r ) v ~~ ~ v ;l+ i^-JV * *' 1 3 r ~ *V 

F A a/ '"5‘ l'***' 2 r' 2 J- -l 


*1 r 

^ 


. i _ 1 rj K / 0 and 

where all Re O.) > 2 Re 1^1 - ^ 3 - 


W[h$ 
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■ 


S I - ~r! < 1 


i=l Xj 


(6.3.4) I'v{f7*' ? *****? 

1 * 1 J 4 »*®1 


° [ 1 2 ‘ 8 1 i' U l °° J ' ’ ‘ 1 + *r£ r i AX r s 1 ] 

[csl,... / l]:[l+|3 ]L s2]j...| [l+ 0 r ;2 ]; 




**‘ : ' CC r x r )2/ *** /U r( a l x l' ! '**' +a ? x r )2 } 


F (r) r'fi. + v t 

-n J o i ' 1 /•••/* 


B 2 


r 7 2 


/ • . . 7 "g—~ - v r ; c; 


?r- / • « • / — yr 

A? A 2 * 

1 r 


provided that all Re (8.) > 2 Re ji>.| - 1 and all < 1, 


j = 1, .. .,r, while K f- 0, 


.3.5) i'Cl, “l 7 * 


9 * * * * 9 

, % , • • • g z 


1:2 j. . . j2 


1 5 [l+ |3 1 + JLl^sl] ? . . 


|3j_ +1 


O 1 !] 5 [ ~2 ;1 ] 4 -r~ + V- 1 ] 


. • . * 1 + /3 j.. 3* 1 I J 


8 .3-1 3 +1 

.... [V~,i] # [iv + vi] * 


2 ^ 

U 1 ^ c “l ;x l + f ' * +cc r X r^ / * * * /U r^ a ± x i + mm * +a r Xr ' ) ^ j * 


r n 2 
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, P ( r) 

J' 


■°1 ' : V 0 1 +1 

- --1 _E j.i 

2 ' * * 0/ 2 ,1/ 2 ^ 


/ » • • / 


•v ;c; 

r 


4u, 


Xi 


4 u 


X 


va 


lid if all Re (0..) > 2 Re i^l - 1, \~l\ 


u . 

— -4 • < 


^ O. 


*3 


, j ~ 1 r and 


ft -i t :f si ? . . . ?1 


[ asl / . . « /l] # [bsl, . . ./I ] : 


1 +B- 


s 2 ] / i^tl] J 


[l + ,e x i-^sl] J...; [l + \ ,s r + M r sl] J 


5 * p r 


l-:-,S 

f C 0 r + ls2 l / C“2~ ± V 1 ] 


2 "O it \ 2 


? ( r) 
'C 


a 7 .D/1 4* !p“ 0^. "™^1 4 * * * / 1 v 


U 1 

|3 r ~M r ; ”2 
X 1 


u 


X, 


where all lie ( 0 j ) > 2 Re l^jl ~ 3 “ 1 / • * ♦ / i - / 


r u i i /? 

^ i ( . .'tS 4 '/ 2 


(.i)- u / / | < 1 7 and K/O, 


i”l X i 




[asl/...,l] :[1 +| 0! ±Mi sl ] ' 


1+01 


[csl/.../l] ; [l+0i s2 ] / [~2 +v l s1 ]' 


'1 • ^-r "1 

~-~±- - v t c; ~ — 

2 r } 2 2 

1 r 

u . 

provided that all Re (0.) > 2 Re |V .| - 1, i-J-| < l,j -- 1 , . . 

J J X. 

and K / 0. - 1 


(6.3.8) * " ;2 , 


1 » 3 j? # * ♦ j 3 


;S £ 1 + 1 M ^ J * 


a* 1 


1 + 0 1 


[c s 1 , . . . , 1 ] % [ 2 1 ] ' [‘ *2 - V 1 s 1 ] 



where all Re 
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( 6 . 3 . 11 ) K { 1 ?1 ° 1 /** * * ;1 . 

— ; 3 } * • * 1 3 


[ a s 1 7 . . . , 1 ] • [l + -k j^tl] ; 

r lift 

—.[^+ 1 * 2 ] , [~~ + ^ yi ] 


5 0 


f + Vi] » 


1+,G 

? [ ;y:-i r 2 ] , [ 1 v : 1 1 ? 


"^1 ^ ^ ^ * 


• * f n r ^ * ® * + CC r x r ) ^ 


1 -*#1 j i. p 

X r \ 1 cl / X r p«1 


, - M * . 

1 X f 


• / 1 J r 


y ~ “ 7T 7 * * * * ~~o 

2 i r x 2 x 2 , 


provided that all Re O . ) >2 Re l v . | - 1 , j = l ; ...,r and 
K £ C. 


(6.3.12) HIF. 


,1 ? 2 ? . . . *2 
1 s 2 * * * • / 3 


[asl,...,l] s [l + | ^ + ^sl] 

1 + 0 . 

. [ c -1 1 ] :[ 1 + Pj .: 2 ] [- 5 — +»!*!] I 


[l + ±M r :l] J 

1 4 - p x -h/3 

[l + + ^ sllftl + Pr - 2 ]/ I ~ £ ± V 1 ] J 


2 3 p 2 r « 2 1 

( cdf x, + • . .+co'x ) " , . . . , u ( c~ x, « X ) " } 


U 1 ^ c i :c l ‘ * * * +CG rr j / • * « / u r ^ u i x i ' 


*( r) 


a -'“ 2 


1+f W 


r-l / ~' 'PS ' * " P 

At X„ 


provided that all Re ( Sj ) > 2 Re i 3R ! 


V_L 

1 , 1 “ o-l 1 / jtsl / • . • , : 






14-6 


(6.3.13) ii{^ 32 /**'? 2 

1 sij. . . ;3;4 


[a;l / ... / ij • [i + j3^ + jul^ : 1 ] 

r - -i r 1 "*”01 1 

LCSX,,. [ — 2 - — * 1 J / [-“ 2 “ + .. j 


L 1 + 2 ,2 r -+ *V sl ] ? 


1 +^i , . 1+0 




n r~ ”^ p r -1 1+3 

± Vi]*h r !l ]'[-r ^= i ] 3 - r r • 


■r v 1 ] s 


/ r // , r . . /v / _ _ \ 2 , jr ■p 

'1 ^ w i "31 +" VY ' ' * * • * U T'( a i 3C 1 + * * * +or x. 


r 1 " 3 L 


r r 


.( r) 


5 D 


e,l + 


, + 


r~l 


4u„ 


2 /««./! + " ~ry , — * C * 


4u 


o / * * • / 

X 1 * 


r 

2 

r 


u 


where all Re ( 3 j ) > 2 Re \v^\ ~ 1, |-1| < J., j « l,.., r and 
K /. 0. X J 


(6.3.14) M{F^ s2 . ? * * * j2 

1 1 3j . . . ;3 ;4 


[ail,...,!] ; [l + ,8^ + ju^il] J...J 


, 8 i +1 1 + 8 -! 


[csl , . . . , 1 j 5 — * 1 ] t [~y— + si] ; 


[1 j- j3 r -h 1 j j 


J„_, +1 


, 1 +3 


8 +1 
r H r 


- Q r 


1 - 33 . 


[-“ 3 i -* 1 ] +lsl]/[ 2 


V 1 ! ' 


Uj_ ( CO' x L +. . x r ) , . . . /Ur ( ajx^+. . .+c£x r ) ' 


= $ 


. ( r 5 


D 


r-1 


4 a, 


4u 


a f -i* "I — "*-j $ . . .■ g .ia “I™ m "2 ' g *— * ^ C- * g . . . ^ 


■XiS 




r 

2 
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provided, that all he ( 0.) > 2 Re \v . | - i j_j.i < L 

J J x 2‘ 4 

3 

j 1 / » * • / etna iv 0 * 


( 6.3.15) M{ F 1 


% 2 j . . . j2 


1 si } . . . ;1 ;2 


*"* '* ^ 1 + o 1 ] * * . » / 

[ c ; 1 / • • •/! j " £ 1 + j3^ s 2 ] * * • * * 


[l + y ,3 r +M si] j 


[l+S lS 2] ; [l+3 r s2] , [---- v r :l] ; 


u i (ci rV : '* 


,+ r r } ’ ' * 


y> y J 

* 9 * Jr # * * ^ 


( r) 1+ % y il?r 1+P 1 _ v 

^ — •»-* *1 * / ^ / • * * / ^ 2 


u 

Vi- ;c * x| 5 ? 

1 r 


valid if all Re ( ,8 • ) > 2 Re | y - l — 1 and all ! “4*1 <• 1/ j— 1 , r; 


(6.3.16) H{F 


- s 2 | . » » *2 
1 s 2 ; . » « j 2 J 3 


“"5 £ 1 + Ff 8-j^ + s 1 J / • • * / 

1+3, 

[esl / . . . /I] : [,8^-hl = 2] ,[ — g*” + ^ 1 £ X ] : 


[l th r + H r :l ] ; 

• ••; , d 


1 p r~l 

T“ " ^ y r-1 


1] > [3 r +l:2] + V 1 ] 


( cc[ 4- * • * +a r x r ) / « * • / "^1 " r 0 s * 


r ,2 } 


M 

r 
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,-( r) 
*3 


l+a, 


V. 


1+8 


X * 0 • “ / 


r-1 


ix, 


u 


~ V 


r-1 


/ ^ / / • * * / 






valid if all Re ( 3 .) > 2 Re | 3 > . j 


y " i - j i -~l / j=l / ,.. # r and I< £ O . 


(s.3.17) 


“ " £ 1 o’ 0^ 4 M' -j » 1 ~J * » • » 


2 P 1 - 1 

r 8 n +l 1+3- 

[<= = 1 1] :[-—=!], [-2'-+» 1 tl];.-i 


t 1 + \ 3 r + M r :l] ; 


l+3„ - 1+3 - 

£ r^l ; x ] x [ i.£ll j- 


1+3 1+8 - 

1-1 


2 - 4 y r s lj /l 2 


]&* 


■lsl] 


2 xr JC' 2 

"O"! ( i.C-^ X-j^ *i* » • « +CC^X£.) / * « • / "U.^ ( CC-j^ )5Cj^ + « • «+U#^^-^) 


r r 


= © 


(r) 


P 1 


+ !/*••/ 


"'r-1 


4u 


+ i;cj 


i 

“2 ' 
*1 


4 u 


x: 


where all conditions of (6*3*16) are satisfied. 


( < ^ i o \ t-4 r p J_ 2 / « » o / 2 

U,*3»lo) ■ 2 s 2 ; * . * f2 


[ a:l , ♦ . . A] s [1 4 ^ |3^ 4 /r 1 si ] j • • * i 
[ c s 1 / - * • / 1 / 0 / • ♦ « / 0 J , [ c oO/ * • 


[1 -3 J- P r ±M r :l] ; 


I +87 


1 + 3 , 


[ 1+81 S 2 ] , [~ r ~ + Vi : 1 ] ?...;[ “ 5 ^~s 2 ] , [ 


1+8 

— £ + V 2 3 -] J 


r \2 


U X C oc~^ + * * • +a r x r ) / ■ • > / cc^ + # • » +^x^.x^3 
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( 3c) „( r) 
(1)'"D 


1 -:- 


‘"1 


-v. 


u* 


1 +,8 

y r ;cjc , ;~^ / . . 

\ 


u 

r 

' 2 


X' 


or evicted that K /. 0, all Re ( Sj ) > 2 Re\V \ - 1, j = l,...,r 


! ? Ri " r i " dth r i - — r k' W+i V r k +r r - x ' 


r ± ' i “ l/»*«/r being the associated radii of convergence of 


( k)--( r) 


me series (1) ^ D 


(£.3.19) I-i{ : 3 i * * * { 3 


i 

[as !,*#♦, l] % [l + 2" * l] 5 * • * J 

[■csl / <... / l,0 / *.. / 0],[c / s0 / «*. # 0 # l # • • • / I 


[l + 


2 - 3 r ± v l 3 ; 


1 + 8 - 1 + 0 - 1+0 1+0 


3 X' X* 

^ ( cc£ s&l + . . . +a£x r ) ' , . . . , U r ( ■ + . . . +ct r x r ) J 


(k)„( r) 

( 1 ) iJ D 


1 +3-t 


4u, 

/ » + 


a 


, , M 1 4 . - .A. ^ *»r> 

/ X — / ♦ • * / X i O U 


4u 


' X? X 2 

1 r ■ 


u 


where K / O, all Re (ft.) > 2 Re \V. 


1 / I “ 2 "! ^ j -1 / . . - / r 

b 


4u. 

l, 


and 1 — t r- with r-^ iw / — . « • ^bc 1 ^'r 1 


X" 


r. / i -- 1: / . * • / r 


c . Uc)p(r); 

being the associated radii of convergence of tne series j 
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(6.3,20) M{F. 2 " l? ; : 

1 4 / e » fl * 6 


C 3 . * 1 i ® * 4 / 1 * 0 / ft * 4 , 0 ], 


[csl,...,i]; [1+0, s 2] , [ 


US, 


2 + 5 1 J * * * 


[a : 0 , . » . , 0 , 1 , . . . , 1 ] s [ 1 i. _g, Ji, ; 1 ] J . . . * [ l 


1 ' ‘ " ' r ' ^- 3 - + **:!] J 


2' r 


1+13, 


[l + 6% 2.] , [—~~~ + v s l] ? 


U 1 ^ ci l : hl * * " * ' !-a r x r ^ 1 " • ' u r ^ + • * • +a£x ] ) 


r„ \ 2 


( k).p,( r) 
(2 ) D 


1 - 1-1 


, a,a 


• 1 


/ 


1 + 0 , 


u „ 


1 

**/“— - V c? T ' 


u 


XT 


X " 


provided that all Re ( /3 j ) > 2 Re |3> . | - 1, j = K ^ 0 j 


u , 


and 1 -y\ < r, with r, =. 

x i 


•“ r k - r k+l =•••= V r k +r r = r k * r f - 


where r. ,i = l,...,jp are the associated radii of convergence 


of (k) E (r) 
1 (2) D 


( 6 . 3 . 21 ) 


[a?ly... / l / 0 / ... ; o],[a / sO, ,0,1 , ... ,1 

1 4 -£L It 

[ c : i ,.../ i ] 5 [- 2 “» i ] ,[- r -“ + ^ i ' l ] ; 


* * * / 


[ 3 . + | % +M 1 si] 1 + | 0 r ± M r ? 1 ] J 


1+0 1+0 
[— ^ 1 ] ± V 1 ! * 


2 y » -p p 

U X (CC^** a .-hCC^X^) / • • » / C^L ” r * * • ) 
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(k) T? r , 1 % 

( 2 ) "D ^ ^ -y / • 


3 r 4U 1 

1 J. , * pi * , 

/ * “* C * ™ * * 

X 1 


pro vi 


ided that all Re (,3.) > 2 Re 1 v , I - 1, j = l,...,rj K ^ 0 


u. r , 

, x, ^ i 

iph 4 -t W1 

x i 


with r-i =...= r V / r- 


k / r k+l =••”= V r k +r r = r k * r 3 


where i = 1 / . . . , r are the associated radii of convergence 


of the series 


(6.3.22) M£P 3:1 /*** J ^ 

wm 1 » f ® O 


£ 8. S 1 / •••/I/O / * • * / 0 J / [^3. oO; • 


[ 1+ % s2 ] / [ i s 1 ] 


* » * •! 


[bsl,«..,l] : [l+ yj>3^ + ;■ 1 ] j [l + *r 3 r + jUy.il ] 


2 H r ' **r‘ 


1 4*jS_ 

[1+V2] - [~ 5^ ± ^V 1 ] ! 


( cc 1 + • . . +cc^_) / • « • / u.£.( cc^ +cc^,x^,) i j 




(k) E (r) /• h#1 , X R ,, -i , 1 o - U r 

( l ) a / a d jx + 2 ”P' j_ ^1 / . . . / X + Pj-./ ~2 t * “ ‘ * 2 

H ^r- 


provided that all Re ( 3 j ) > 2 Re { v j 1 — 1/ j = l,...,rj K 0 


and i—“l < r^ with ( Vr^ +• . .+'/r-} < ) “ + ('/ , rj c+ ^+. . -X, 

X. 


rj_, i = 1 /.../** being the associated radii of convergence of 


4-1 • (k)-p(r) 

the s en es ( 
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Applying the same techniques and specialising the 
nurn.oer of variables/ we can obtain multiple Whittaker 
transforms of nypergeometric functions of different variables. 
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MULTIDIMENSIONAL GAUSS" TRANSFORMS OF 
MUL TIPLE ' HYPERGEOMETRIC FUNCTIONS 

i n ""several. va ri abiTes 


7.1. Introduc tion . In previous chapters V and VI/ we 
have studied multidimensional Whittaker transforms of multiple 
hypergeometric functions in several variables. Making an 
appeal to fractional integration, . Chandel [l,2] has also 
obtained the Eulerion integral representations of multiple 
hypergeometric functions of several variables by using the 
operator 

n r (v ,.) 1 In £3.-1 

(7.1.1) Q{ } = 71 J S .../ n t. x (l-t.) 

j=l r (3 .) r(v .-3^) 0 0 i=1 


{ } dt 1 ...dt n / 

where 0 < Re (,8^) < Re (JM ), i =l,...,n. 

Further in the same papers he has also given the 
extensions of the above work by using the operator 


(7.1.2) R{ 


1 

S 

o 
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2 F 1 l-t ± ] { } d-t^ ... dt n , 

where 0 < Re (Ji.) < Re {v + X -.3 ), 0 < Re(3.) < Re{v .) , 

j j 3 3 

j = 1 /.../H. 

In this chapter/ we further extend the above work through 
an easy approach without using fractional integration/ by 
introducing the following two multidimensional Gauss / transforms 

CL, 

(7 - 1 ’ 3) A !,-,W ' 1 1 

r(cc 1 +...+a ) r (a) T(a^+. . .+a + 3 + Y+a-6) 
r (a^) . . .r(a r ) r (6) r ( 3 +a- 6 ) r (oc 1 +...+a r +‘y+a-6) 


co ® a^-1 a r ~l y 

/ .../ . ..x (xt+..*+a ) ( 1 + 3 ^+... +x ) 

0 0 r 


2 F^ [ 3 /Yj 6 ?- ( x 1 + . . .+x r ) ] { } dx-j_ ... dx r 

where Re(5) > 0, Re(j3+cr-6) > 0/ ReC 0 ^ + , . .+a r +a-i-r-6) > 0 
and Re (<Xj ) ^ 0/ j = l#«*./r 


r K r(a ± ) r (% +Y i +0 i“<5 i ) 
(7.1.4) B{ } = H 


i»i r ( s.) ro.+a.-sp nv o i- 5 i ) 


CO 

/ . 
o 


°°r 


r.-i 
1 


• / // ( CC^ X^ + • » • 4"Ct^,X^ ) (1 +<X-^ Xj_ + < 

O*-/ 


- 0 , 

• + <xp 1 


> F 1 6 i'~ (a l x l + "’ +a r x r^ { ] dx l *** dx r 
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provided that all Re( 6 ± ) > 0, Re (3 i +a i -»6 i ) > 0, Re( y,-K 7 ,-* 5 4 ) > C 


i i i ' 


. . cr 


i -- 1 , . . . , .r and K = 


cc x 


y-2 ( A 0/ 


r r 
a i a 2 


. a 


to obtain multidimensional integral representations of multiple 


hypergeometric function of Srivastava and Daoust [5]. Their 


special cases will also be discussed to establish multidimensiona 


Gauss' transforms of multiple hypergeometric functions of severe] 
variables defined by Chandel [ 2 ] , Exton [ 3 ] and Lauricella [4 


These transforms have been named Gauss'' transforms' due to 


presence of Gauss' hypergeometric series 


7.2. Transform A 


* • • * t 




Consider 


00 00 cl, -*l <x “1 


s ...; 


o o 


« m m 


(Xi+...-K>0 ( 1 +X-i 4- • • • +X ) 


2 F i [/3,r j o}-(x-i + * » * +x r ) ]dx-]_ ... dx^. 


r ( at ) . . . r (at ) <*> r+oc +. . ,+a—l _ 

— — I t (l+t) 9 F, [P,r}57-t] dt 

1 ( Ctrj^ + . * . "HI ) O 


rCo^)... r(a r )r(6) r(j3+a-6) rCc^-f . . .+a r +a-6) 
r ( 0 ^+. . .+a r ) r(a) r ( p+'y+a-fa^-f . . .+a r ~6) 


where Re(d) > 0/ Re(0-K7~6) > 0/ Re( cc^ + . . .-HX r -HJ+Y— 6) > Ct 


Re(aj) > Of j = l # ... # r. 
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j.-’or brevity, this suggests to introduce the multidimensional: 
Gauss' transform defined by (7.1.3). 

It is easy to prove that 

/ * * ♦ / cc 

(7.2.1) A r {1} = 1 

P/f/O/0 


/ • « e / Ct 


nu 


m 


(7.2.2) A 3 /T/6/a . . .x r x l 


( a Pm * ••( c O rn Jr * * * +a r + ' y " i ' o:- '6) , 

^ xr m x it * 


+m 


( j3+r +a +a, + . . . +a - 5 ) 

x it m-t +• • • 


t* • * * 4-ra^ 


ana 


a. 


m 1 g 1 


m 


(7.2.3) A * y a r { 7 1 i ^...x r r ' r (l+x I + ...fx r ) 




(a i) 


m. 


»**(oc. ) ( fi+ 0 -s ) , j 

1§1 r m r Sr 


( o^L ■ • ^xr^ra^ | ^ * # ^ m r^r 


( a l + * * * +a r +y+a ~ 6 ) m 1 (| 1 +7> L ) + . .. tm r ( 

( o^-k . .+a r +0+ r+a- 6)^ ( g 1+ ^ ) +. . .+m r (g r +\) 

Mow an appeal to (7*2 #2) and (7*2 *3) respectively gives 
the following two operational results involving multiple 
hyper geometric function of Srivastava and Dauost [5] i 
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“l + - 


[ (a) ;0',» . ] % 

] 5 

[ ( b' ) S 0' ] J . . . ; [ ( r ^ ] j 

£l £ r 

u l*l u r x r } 

C(d')s 6 '] ?...; [ ( d ( r) ) s 6 ( r) ] J 


(7.2.4) A 


OL 


,a 


P j 6 / @ 




; . . . jB 


C;D / ;...jD 


(r) 

(r) 


_A+1 : B'+l;. . . jB^ 
0 + 2 : 0 ' 


+1 


[ (a):S',...,e (r) ] , 

_ [(c); « » « , ^ ] / [ • .+x^,; # . • • / § J 


+a +r -kj— 6 : s x , • - • , g r ] : [Cb' ):§'],[ : gj j [(b ( r) ) : § ( r) ] , [a r : § r ] 


[j3+a+r+a 1 + . . -+a r ~ 6: ^ , . . . ,g r ] : [ (d' ) s 6' ]? . . . j [ ( r) ( : 6 ( r) ] ; 


11 * f • • • / 11 

1 * 7 r 


provided that Re( 6 ) > 0 , Re(| 3 +a- 6 ) > 0 , Re(a^ + » * •+d r +cr+' y - 6 ) > O , 


H pX 1 ) A ■D C i ) 

Re ( co . ) > 0/ and 1+ £ 'a\ 1 ; + 2 6* J ~ S 0: - S #'• 

1 j=l J j=l J j=l J j=l J 


( i) > 


0 / 


1 = 1 , 


Cki / •«•<& a » n 7 • 

(7.2.5) A„^ r {F AoB 

; ~ ,/Y/6 ' a CsD'; . . .?D l rl 


[(a) ;8' , 
[(c)sf'. 


.,e (r) ] 


159 


[(b (r) ) :# (r) ] j 

[ (d'):6'] [(d^ r b:S (r *] ; 


h,. § r -r) 

u l ^ ^ 1 “' rX l + • • * +x r ■ ' / • • * / U r X r C 1 +X-1 + • • • +X r ) r 


t-A+ 2 : B' +1 ; . . . ; B r ^ +1 

x ‘ ( r-'l 

C+3;D / ;...?D vr; 


[(a)se / / ...,e (rJ ] ,[j3+a ~ ] , 




[a 1 -h...3-a r +r + 0-6 5g 1 +'n 1/ ... / § r +r) r ] s [(b'):!'] >[a L .sg 1 ] 

Co , . . . ,rj r ] , [c^t. . ,+a r +3- f -r+a-6 : t x J r \ , . . . /S r +^ r ] s [( d' ) "6 ' ] ; . . . ; 


[(b (r) ):9 (r) ],[a sg ] , 


[(d (ri )-.6 (r) ] I 


provide that all conditions of (7.2*4) are satisfied. 

7*3 Special case of the Operator . For 5 - y + 0 , we have 


m 


OL , . . . , a m. 

(7.3.1) A p f7ir+0f g 


(a l ) m 1 # ** (a r ) m r 
(a l + ** ,+a r + - 8) m 1 + ...+m r 


Therefore, we obtain 
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( 7 . 3 . 7 ) a,; 


.f « « • l (X 


/ Y , Y -H7 / G ^ A C / « • « /b^ycc^ y * * • /tx^ju^ # • • • /U^x^,) 


■,( r) 


( 3. / b^ / • » « / b /CO- -r « • . +CC -|-J3 J VU / # » » / u ) 


">,rovidf-’tj. c.' at; Re (r+a) > 0, Re ( ,3- y) > 0 , all Re (a .) > 0/ 


j -■= 1 / - . . / r and £ i u . I < 1 . 

:=i J 


{ 7 • i ♦ 3 j A 


'' W, ***t /«*•*/ CC /> \ 

- 1 r fnlr) 


d,y,y-K7/C7 {f a ^ a i + * • «-Ax r -f,3/b 1/ . . . /b r jc^ / . . */C r j 


/ * • « /U^.x^) } 


“ ^ 2 F 1 <VV C R U j ) ' 

which is true if Re (y +a) > 0/ Re ( 0- y) > 0./ all Re (dj ) > 0/ 

!U j! < 1 ' j = 


^1 / • * * / ( r) u 

(7.3.4) A 0 \ _ £ £P^ r ^0 1 + v .+a r +3,bJc 1 ,... / c r JU 1 x L/ ...,u r x t )} 


^y/Y-KJ/CJ c 


( b/CX^ / » « » / • • • ./ / • • * ,u r ) 


a. 

valid if Re (7+a) > 0, Re (0 -y) > 0, E lu.l < 1/ Re (a.) > 0, 


3=1 


j = 1 


/ m. : m m: g JL ■* 


(7.3.5) {F^ r ^a 1 H-...+a r +,0,b 1 /.../b r ;c ? u 1 >c 1 /.../U r x r 


)} 


F^ r) (cc 1/ ...,a r/ b 1 /.../b r ;c / - u 1 ,...,u ;r )> 
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where Re (r+a) > 0 Re (0-r) > 0, all (c^) > 0, !u..| < 1, 


CL 


/ • ♦ * , GC / \ 

r rrA r) 


(7.3.6) A p J/7j y + a t0 * F a ^'^L' * * * /b r ?a l / •••»u r x r )} 


? ( r) 
'D 


( 3- / / • • • / ,8+oc^ + • « . +a r ; / ■ > » / u.^,) / 


provided that Re (r+a) >0, Re (,6-r) > 0, Re (a.) >0 and 
I '"U. j 1 ^ ly j ::: !/•••/!?# 


/ « • ® / CC / \ 

1 r f .n(r) 


( 7 • 3 • / ) /ig ^ ^ y-i-0 Q £ q ( / bjcx^ / * « • / / • • * / u r x r ) } 


( a / b;a 1 + . . . J .-a r +8j + • . . +u r ) , 


valid if Re (y+a) > 0, Re ( j3-?) > 0, all Re (G...) > 0, j =1 , . . . , r 


and 1 s u.[ < 1 

3=1 J 


/ « • . * OC / \ 

(7 j oi a 1 r cmCrJ 

17.3.8J A j3 /r/y+a/ a 


{ f ^ ( i 3 / a i + • • * +a r Jc l * * • * ' c r ,U 1 5C 1 ' 


x, . . . .,uxj } 


r r 


= * id 

3 —i. 


where Re (y+cr) > 0, Re ( (3— 7 ) > 0/ Re ( cc j ) > 0, iUjl < 1/ 


j = 1 


/•••/ 


OC^r / « « « # OC 

(7.3.9) A 1 r 


(S,r,r+a,a ^ U;a l * ‘ "VS3 ! 

1 F 1 (aja 1 + ...+a r +8? u 1 + ...+u r ) 
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provided that Re (Y+cr) > 0, Re ( ,8 - r) > 0, all Re (a . ) > o, 
j = !/**•/ r» 


1 r <• in ( r ) 


(7. 3. 1C) A 8,r ,r+a,a ^2 * * • ^ u r x r ) * 


n i 


( + » • . +a r + 8 ) 


L 


(0^ + . . .+a r +8~l) 


n 


(u-^-r* • • +U.J,) 


n 


valid if Re (Y+a) > 0, Re (8~Y) > 0, Re (cGj) > 0, j =1/ 


Cu , * « « # w / \ 

1 7 r fJC (r) 


(7.3.11) A g /T>T+0#0 !« d (a L +...+a r +g,b l ,...,b r _ 1 ,-; c 


“(I Vr l! 


( t) \ 

= (a^ , . . . /a r /b^ / • * •/b r-1# -; c ; u 1 / ...,u r ; 


where Re (Y+a) > 0, Re ( 0-r). > 0, Re (a/) > 0, I Uj i < 1 , 


j = 1 


/**•/• 


(7.3.12) f(])) E D r)(ct L H -" +a r + ' e ' ,3 l »r» 


"^1 / * • • * ^ 


( cc^ / • * . , otj^/ 8j_ / * • • / 0 k i ,y J u ]_ / • * » 


p^r~lc) ( , . . . ,a r , 8 k+1 / • * ♦ / ;u k+1 / . • • /U r ) , 


. /r. 


*»• 
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valid if Re (r+a) > 0, Re (j3-r) > 0, .Re (a.) > C and |u.| < 1, 

J 3 

j = 1 , , . . , r. 


CC ^ # # 9 (X 

(7.3.13) A p,r,r+o,o { (l) E c r ^ 6/6 # /O 1 +...+a r +0jr 1 


/ • * • / ' r / 


f * * * /U r x r^ ^ 


^ ^ / CXjl / * * • / # / * • • $ ) 


? A ^ 6 *' a VKL' ** *' a r' \+i' , **' y r / u k+l'***' u r^ 


where Re (r+a) > 0, Re (|3 -r) > 0, all Re (ttj) > 0, j = 


and £ i u • i < 1 and £ | u • | < 1 . 

j =1 J j ssk+1 J 


7.4 Some special cases of parameters. 


Specialising the parameters in (7.2.4), we obtain 


ch , • • • , cl 7 . _ . 

(7 - 4 - 1) v,r 


£ OC^ 4* # « * +0C^ / 

[ c i sl ] f** ,J 


£ ,8+7+0 +CC^ + » . # +CC^.~ 6;1 , . . . ,1 J 5” J • • • J“ J 
[c ti] ; 


u l x l ' * * * /U r x r * 


F A r ( CC-^ 4- * • • 4*CX^4T+CJ— 5 / 0^ # * ♦ ♦ / G 1 * * * * * f * * * 9 
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provided ] 
all Re ( cc 

(7.4.2) , 

1 ” 1 j } 

valid if 
all Re ( (X 

( 7 .• 4 '*'..3 } 

- 4 tOj. 


,vB { 6 ) ^ 0 / Re ( /3~K7“"* o) R 0 f Re ( cx^ + • » * ^cc^-fcr tT**5 ) ^ 0/ 

r 

*) ^ 0 f j =s 1 /•••■/ it and. 2 i u. * i R i ® 

j=i ^ 

[ 0+r-HJ+a 1 +. . ,+a - 6:1 , ,1 ] s 
[a 1 + . . ,4-a r +r+a-6:l/ • • •/!] ? 


a. 


4 


i.i. .i 

J -f P X "->-/••• / A 

? /v o rt ^ A a «> . 


P/7 , 6/(7 


A O «*> * ft 

TT O / • • • / 


. . . j [ 0 r s 1 ] ; 


u 1 x 1 /...,u r x r 


Fg R / . . . / a r / / * * « / • /Ti^) 


Re (6) > 0/ Re (j3+a-6) > 0/ ReCa^* . .+a +a+7~6) > 0/ 
j) >0/ and lujl < 1/ j = 

, lsl;...jl 

3/7/6/^ Is-?...?- 


[ oc^ + . • . -kx : 1/.../1J ° 

[oi^-h. . .+a r +7+C7- 65 1 / • • •/!] 5 


[3 r s R * 


u l x l 1 


’ ' u r x r 


, . . . / a r / 0 X / . . . / 0 r re+y+o+a L +. . .+a r ~6 i ^ , . . . ,u r ) 


provided all conditions of (7.4.2) are satisfied 
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g * • * jf (X . 

(7.4.0 A* r r fp 3:-y...?- 

f.j # T / o / u 2 2 j * . # ; 2 


£ 1/ * • ® ^ 1 J jf 

"* o [*" a ± o 1 J j c x s 1 j * * * / 


[ p+X-i-o-K^*:-. . .-kx^-Ss 1 ,...,!] ,[ a: 1 , . 


“1*1 V : r 1 


[a r :l] / [c :1 ] j 


V XT / 

^ q ( a / *t * . . +a r >py +cf— § j c 1 / . « . / c^. j u-j_ $ . * « / n„. ) 
provided that Re (6) > 0, Re (i3+a~6) > 0/ Re (a* + . . .+a +0+7-6 ) > C 


ill Re (a.) > 0, j = l,...,r and £ i(u.) ' | < 1 


CA / * » • ^ (X *““ ( CC-j + * » • +0C ) 

(7.4.5) A 3 ,r /6/ a r J[l-(^ 1 x 1 t...+u r x r ) ] l 


= F^ r \a 1 +. . .+a r +r+a-5 / cc 1/ . . . ,a r ?j3+ 7+0+0^+. . .+a r *-6f u 1 / . . .,u r ) / 

valid if Re (6) > 0, Re ( (3+0- 6 ) > 0, Re (cc^ + . . •+ct r .+<J+Y—6) > 0/ 
all Re (cCj) > 0 and | u j I < 1/ j = l,...,r. 


(7.4.6) A 


/ « * * / ^X. 
P / V j <5 r @ 


- ( 3+r-KJ+ct + . . . +a ~ 6 ) 

r {[l-(u 1 x 1 +...-i-u r x r )] r } 


F^ 1 ^ (CC^ + . • •+CX^+7'+0'—6/ &j_ / . • • t + . • .4-<X^;U-^ / « . • /U^,) 


where all the conditions of (7.4.5) are satisfied. 
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(7.4.7) 


/ * • . g cc 

A p,r, 6 ,o r f l F l [B+r« + a 1 +... + a r - 6 ;a 1+ 


*-Hx r +r+a-6 ; 


u i x L + , **' l ' u r x r] * 

( r) 

“ ® 2 ( cc-]_ / . . . , cc r ; a L + ,..+a r ; 

where Re (§) > 0 , Re ( . 8 + 0 - 6 ) > 0 , Re ( 0 ^ + .. .+cc r +a+y~ 5 ) > 0 , 
and all Re (a.) > 0, j = 1 , . . . ,r. 

\ / • • • / CO 

(7.4.3) A g r { 1 F 1 [a 1 4-...+a r ja 1 + ...+a r +r+a-6ju 1 x L + ...+u r x r ]: 

( t) \ ! 

22 §2 ( CC-j^ * ® • * / OC^ J * • +0)0^4- 34- Y 4*CF~ 5 ? "^2. / * # * / "^2? ' 

where all conditions of ( 7 . 4 * 2 ) are satisfied. 

£ 0C^ 4- # . . 4-CC :1, .../l] / 

*• s [o^ o 1 j / j] 3^ • ^ 


(7.4.9) A p r {F 2 : 

P/ 7 / 6 / a ~s 2 j. . • ?2 


£ (3+7 +0 +CC-^ 4" * . . +CC^.— <5?!, . • ./lj 
[ct r :l] , [0 r :l] ! 


u ia 


9 * 


* 1 u r x r 



= • •+ a r ' Fr+a " 6 5 %/«**/^ 
provided that all the conditions of 


a. 


( 7 . 4 . 10 ) A 


/ * • 


■#a 


3/T/6,tf 


{f: 


,1 O 1 J • * • /l 
1 s “* J * • * 


(7.4.7) are satisfied. 

£ 3_+y+a 4-cc^ 4* ♦ . • 4-cx^** 5 s 1 / 

C ^1 • • * tCX-^4** *7 4-Cf ** 6 si/.. 


.., 1 ]: 
, 1 ] : 
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[ ;V 1 1 I * • * ? C ^”1] 


• ♦ 0 


U 1 t • • » / u r x r 


( r) 


( L H / * * * %/•*•/ 3— cc^-f . . . + a r r ... / U ) 


valid if le ( 5 ) > 0, Re ( 3 + 0 - 5 ) > o, Re (a 1 +.. .+a +<y+r- 6 ) > 0, 
all Re {a. ) > C and 1 u j i < 1 , j = l,..., r . 


a. 


*1 ^ * * * * 


(7 * 4al) V,r, 6 ,a r -1 


(■pl Slj® • • } 1 / " 


/ • * * / 


[- ®i 1. / * * » / 1 J| s 

f- # * * 4-cc 4*Y +a~S *1 / » # •; 1 J z 


[% :1 ] • [3 r -i :1 ] S-i 


"^1 * * * * ' u r x r 


• r i 


( r) \ 

l x , .... a r , p ± , . . . , 3 r-1 ;a 1 + . . .+a r + 8 +r+ 0 - 6 J u x , . . . ,u r ) 


provided that all conditions of (7*4*10) are satisfied. 


OL rn 0 » * ' *.-(Xr ' VJ „ _ A 

/ . * R, \ ~ X X* c T1 ■* O "** / * m m /""* 

(7*4 * 12 ) A n f „ n * #o 

P/T/ 6/0 


CC^ 4“ • • • 4*CC^ ol/*«»/Xj / 


K !l ] 


[a^ + « » * +0t^,+j3+ ^+0—6 ;l J ,... / l]/[a;l / ... / l,0 / ... / 0] / 


C c-^ s lj; » * * ? 

[a" : O, . . *#0,1 , . . .«1] 

[<V*1] ' [ c r :1 l J 


^l*!' ...,u r x r . 
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OO ( r) 

( 1 )^C ( a / a/ / a 1 +. . .+a r -?-r+a-6;c 1 , • . . • /U.^) 


where Re ($) > 0, Re (,8-fa-6) > 0, Re ( 0 ^ + . . .+a r +a+r-'6) > 0, 
all Re ( oCj ) > 0, j -- 1 , . . . , r* and I Ujj < with ( Vr^ + . . 

+ r-j,^ +* • •t'/’r ) = 1/ r j , i = being the associated 

(v) ( r ) 

radii of convergence of the series 


a l ' • * • / a r 9 • •- 

(7 - 4 - 13) A 3 ,r, 6 ,a 


[ a i‘ i '* * •t a r 5 i / * • • #1 ] / 

[ asl / * *#/l/0^» • / 


[ 0 ^ + . . .+a r + 8 +y+a- 6 ”»i/ • * */l] 


ia 1 x L ,...,u r x r 


= (cx 1 +...H-a r +y'+G- 6 / a 1 / ... / a r ja # a / ;u 1 / .., / u r ) 


where Re 6 > 0, Re (p-KT— 5 ) ^ 0, Re ( cx^ + . • . -i-tt^-hJ+T ~ o) ^ 0/ 
ail Re (a.) > 0, j = 1,..., r and 1^1 < r ± with r ± =...= r k , 
r k+l = *** = V r k +r r = lf 1 = being the associated 

' J _. . (lO^C r) 

radii of convergence or the series ( 2 . ) - Lj xd 


0-M / * * • / CC O «, '** # *. 

(7 - 4 - 14 ’ A 2 r. 6 ,o 


[a 1; +. ..-!-a r -;-y+a- 6 sl/ •••/!] 


[a^ “Oj »#*/0^1 / Z*’ I • • * / / 


u l x l"** /U r x r 
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(k)-(r) 

( 2 ) ('3-/^ /(I^ , . . . « • +0.^+8+ 7+0— 6 * U-j^ / . . • , u ) 


provide'.; elicit Re ( o) ^ 0, Re ( >3+o~ 5 ) ^ 0 1 Re ( cg^ + • » • +cc.^+o +7— 5 ) y 0, 
all Re ( cc j ) > 0 and if lu^i < r i# with ra = ... = r k , 

r k+l = *’* = r r ' r k +r r = r k* r r where r i' 1 = l/***/Jr are the 

( V ) ( r ) 

asociated radii of convergence of (2 ) E d * 


0*- J.../GG p # 

(7 - 4 - 15) \r, s ,a r 


[asl , . . » ,1 /O* „ . . ,0 ] / 

[ 0 ^+. . .+a +r+a~6:li • • .1] s 


[a , s0 / *.. / 0 / l / ... / l] , [ ctj^ + « . ,+a r +|3+ 7fo— 6 :l/.../lJ< 


/ . * . 




1 * * • / xi^x^ 


— ^ 2 ) ^ ( &/ a / 0^ / « • • / + • • *+c^j ,7 / • • • /U.^,) 

provided that all the conditions of (7.4.14) are satisfied. 

Now specialising the parameters in (7.2.5)/ we establish 


the following results ; 

CC*. f rn •• J CL 

(7.4.16) Ap { 3 E 3 

8/7/ S/ a J ^ 


0 ^+ . . ,+a r + 8 + 7 + 0 - 5 


,8+a-6/ 


+ • * * -w r +r+a~ 6 
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+ » • • +CG ■ + |3+r+a— 6 


1 +i3£<^ + . . * +CC +Y +<J—( 


u l x L + *** +u r x r 
i+Xj_ + • . . +x 


i'2 ( ^1 / • • * / ^ r / oc^+ • » •+cx^j , « 


•/U r ) , 


where Re (6) > 0, Re (j3+o-6) > o, Re(a 1 +...+a +a+%-6) > 0 and 


Re ( a.. ) > C t j = 1 , . . . , r . 


/ e * » f Ct 

(7 - 1 * * 4 - 17) A p,r, 6 ,a r h F 3 


a, + . . . +<x , 
1 r 


£+r +a-6 + 0 ^ + . . * -i-a 


0-a-6 , 


+ . . • +a r + r+a-6 


1 +cc-^+ • • #+ct +| 3 +Y+ 0— 5 


l+o^-i-. . . +a r + r+a-6 


u 1 x 1 +...+u r x i 

1 +X, + . . .+x 
1 r 


( / « • « / a r ; a j 11 ^ / * • • / 


valid if all the conditions of (7.4.16) are satisfied, 


a i / • » • y a 

(7 - 4 - 18) A g,r,6,a h F 3 


0 ,ct^ + . • • +<X^/ 


ot^ + . . . +a r +r +a-6 
0+a-6 , — g 


1 +|3+Y+a— o+d-^ + . • . +cc 


£ * 

iif x 1 + . . • +n^,x^_ i 


+ • . . +a r +r +a +1 —6 


1+X]_ + . . .+x 


_ ( £■) . +• • »+cc +j3+7 + 0—6 

*2 ^ °1 * * * * ' a r f — ' / 


J U-] , » * * , \i ) 


dnere dll Lne conditions of (7. 4. IS) are satisfied. 


( 7 . '' 


&1 , . . . ,<x 

A r f i? 

•3/r # 6 # a 3 3 


a,cx 1 + , . .+a , 


,6+0-6, 


OC-j^ 4 * « » * ~KX 4 * Y 4 *(T ~6 


CC-j^-i- * * * "MX 4- j34-Y +0—5 


(Xj^ 4 * • « • ~FCC^.*f T +0 4*1 — 5 


u i ■ X i + * * • x 

1 -rX-j +• • • -kx~~ 

•L T* 


- *( r) 


5^ ( a x / » « # / a r ; 


1 tcc^ + . . . +a + ,8+r +a-6 


r , » . • ,11 


provided that all the conditions of (7.4.16) are satisfied. 

+ * . . +a r +8+r +0“*6 


a. 


/ • * • / a _ 

(7.4.20) A p v „ _ r {.,P„ 
p / t , 6 , a p 2 


a. 


0 ^ + . . .+a r +r+a-6 


1+0^ + . . .+a r +j3+y+a-5 


1 + 0 ^ + . . . +a r +r+a-6 


lli X, +... +U X 

1 x r r 

1 +X-j^ + • . » + 3 ? 


2 


4 
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' e '■- * :; ' ie (3+0-6) > 0, Re (cc^+. . ,+a r +a+r- 6) > o, 

/ j ~ 1 / » » • / r and | I +... + |u I < 1. 


( 7 


**% § m * m g 


a 


) A 


' s 6 * & 


f 3 F 2 


a- + •• .+a r o . 

1 T * 


3+ Y+a- 6+cx^ + • • . +a 


R-i~0~*6 i 


» « © 4*CC^-b Y +(J"* 5 


UjXi-i-... + U r X r 

i+xi +• . .-i-x . 


D 


( 


1 you + . . .+a +7+0-5 


( r) , " ’ ru l 


1 +CC-^ + ■ . • +CC + ,6+ 7+0— 6 


/ 0^ , • • . / / 2 f 0^ / • • • / / 


•■'here all conditions of (7.4.20) are satisfied. 

3+7+<J- 6+0^ + . . .+<2^ 


(7.4.22) A 


/ * * • , (X 


CoP. 


3/7,6, a 3 2 


0C-£ +00^, 


a 1 + r ..+a r + 7+0-5 


1+3+ 7+0- S+^i + ••• + a 2 


1 +0^ + . . . +a r +r +0-6 


u l x l + -«+ u r x r 

1 +X-j_ + . . . +X r 


p( r) 
D 


( 3 + 0 - 6 , o^,...,a r ? 0 ; u 1 ,..»/ 0 r )/ 


v/hich is true under the conditions of (7.4.20), 


S« 
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a. 


(7.4.73) A 


,a 


r* * — * • ^ 

J- J p-> O / • • 


3,7,6, a *■ 1 si ; • * • yl 


(T ^ 2 _ "^ • • * tCC.^,5 1/.../1] / £ (7 s 1 / * • */ 

[oh +. • »+cc +') r + 0 " 6; 2 / ...,, 2] s 


[a 1 + . . ,+a +j3+y+a-6:2 , . . .,2] s-j . . . 

‘ J ‘^r 


u x 
r r 


[ ' ? 1 • 1 ] '***'* [ 0 r jl ] * 


■,( r) 


i*i 


( ;3-KJ~0/ $]_/•••/ 3 r ? 71-^ / • • * /U^,) / 


provided that Re (6) > 0, Re (,8+a— 6) > 0, 


Re 


(a^-f . . .-’r<x r + 0 + r~ 5 ) > 0, Re (a.) > 0, j = 1 , 


and 2 1 ip i < 1. 

i=l 


(7 - 4 - 24) A ^r, 5 ,a r 


[ Osl ^ . .,1] , 

j] 8+CT“* 6sl / . . • /l] / 


f 00 . + . « . -MX.,4- ,8+ Y +0 ~ 6 ; 2 , . . . /2 ] % £ p-i °lj / • • • t £ 3r>° ^ 1 * 


[cci 


+ » . * +a r +r +0“*6 ;2/.../2] 


u. 


1*1 


U X 

r r 


1+X L + 


. . . +x^. 


/ • • • / 


1 J c J r ® * 9 4-X r 


= Rg r ^ (a^, ...,a r ,i3 1 , .../3 r ; oc 1 +...+a r ? u L/ ... / u r ), 

provided that Re (6) > 0/ Re (£>+c7— 6) > O, Re(oc^+. . •+cc^-H7+Y— 6) 
Re (<Xj) > O, and |Ujl < 1/ j =1/.../ r. 
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( 7, ; .25) 


/ • * * / 

TV . X 


« # (X 


O o 1 » 

{Fr X/ 


^,7,6,0- 1 2:-j. 


-?1 


f CC-j^ + • • • +(X^.J 1 ^»««/ 1 J f 

[j3+a~ 6s l/**./!] , 


[c^-i-.. .+a r + 3 +r+a- 6 : 2 , . .., 2 ] ; [%_;!] [ J3 r sl ] j 

[ctjL + . . . +c t *r+o- 6s 2 / . . . , 2 ] 


u. 


it 


U X 

r r 


l+XjL + v+3^ 


1 4Xj^ 4- a * * 1’X^ 


,( r) 


B 


( ^2, / * • • / / * • • / CT / ^2. * m * * r * 


where all the conditions of (7 #4 *24) are satisfied. 


oc.. / • » • / a o „ ^ _ 

( 7 . 4 . 26 ) a^ t j ^; 2 ;:::; 2 


£ 4 " • • * 4 *(X s ljr**«#ljj 


1 4-CTj 4 * • * 4GG 4 740 "**6 

[ i— _ -E :1 1] 


[(J 5 1 / 4 » * * 400^404740— Ss2/***/2j 

[ a ^ sl ] , [%: 1 ] ;•••> [ V 1 ] ' [ p r :1 ] ' 


u. 


it 


U X 

r r 


1 4Xj^ 4 * * • 4X^, 


/•••*/ 


1 4X-^ 4 • * * 4X^ 


P^, r) (|3+a~6. 


a- +...+a +7+a-6 „ v 

- — — — / # • • • / Pj-./ 4u^ / * * • / 


2 ' 'I 

provided that Re (6) > 0, Re (p+ff-fi) > Re ( + . . . +a r +a+T- 6 ) > 


r 1/2 

all Re (a.) >0, j = l,.../r and £ i(u.) 1 < 

J j =1 


1 

2 
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( 7.4.27) 


, • . • / cx 

A 1 r 

0/7, 6,0 


3s- 
1 s2 j 



£ <X^ + • . . -4*CG^_,S 1,«*«,1J / ^Oal/.v./l 

[ 0 ^,+. . ,+a r +r+a~5s2 , . . .,2 ] ; 


[ 3+r+a-6v* . .-k^ + . . .+a s 2 , * * ♦ , 2 ] s ~ ; • * ♦ j 
[ a x si] / [ * 1 j / * * • / 1] / [ 3^" 1 ] / 


u 


1"! 


U X 

r r 


1 +x^ + * ® . +x 3 9 * * 9 1 -bx^ + • • • -fx. 


/ 

^2 ^ .5 J 3 1 / * • • / 


valid if Re (<5 ) ^ 0, Re ( f3-HJ— 6 ) ^ 0, Re ( (X-^ + • «• • +ot +cr +7-* 5 ) > O , 
all Re ( cx. j ) > 0, j =l,...,r. 


(7.4.28) 


7m , • • * , £X o 

A r {F^“ 

3/7,6/a 1 3: 



* 

‘ / 


[a, + * . • h-cc^s 1/.../1J / 

£ cc-^ + » . « +<x^.-i-7 +a~6 ; 2 ,.•*•./ 2] / 


[asl , . . .,1] ,[a 1 +...+a r +3+7+a-6s2 / ... / 2] 

[ 7.1, .../I/O, .. .,0] , [7 , s0/.../0 / l/.../l] 

u l x l "rr j 

1 +X]_ + . . . +x 7 ’ * * 7 1 +x-^ + • * . +x r 

= ( ^ .S+CJ-6 , CC-j^ , . • • , cc^j 7,7 * U 1 / • » • / xi^) / 

provided that Re (6) ? .0, . Re ( 0+<J— 6 ) > 0, Re(oc^+. . •+& r ,-K7+7— 6) ■ > ( 
all Re (a..) > 0, j = l,...,r and if |u i ! < r^, i = 1/.../T then ; 
r x =...= r k , r^ +1 =...= r y , r k +r r = 1 t where r x /.../ r y being the 
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associated radii of convergence of the series 

[ 0 si , . . . ,1] , 

[,84-0-6:1, ...,1] , 

[ i 3 +r+a- 6 +oc 1 + -.-+a r s2 / ...,2] ,[ 7 : 1 , ...,1,0,. ..,1] , 

[a 1 + ...4-a *f-y+a-6s2,... / 2] s 


a. 


.29) A 


1' 


,cc 


.8,7 ,6/Cf 


{F‘ 


,4 s - j . 

0 O M • 

Z o / • 


[r' s o, . . ., 0 , 1 , . . . ,i] 


/ * * * / s 


11 . 


i*l 


U X 

r r 


1 4-X-j_ + . • . 4-X 1 1 4-Xj^ + • • • 4-X 


/ • • * / / 


(h') C-r) \ 

(2) E d (7 /T 7 ,a^ , . . •,a r ;a 1 +« . »+a r ? u 1 ,...,u r ) 


provided that Re (6) > 0, Re (£34-0-6) > 0, Re(oc^ + * . .4-cc r 4-04-y-6) > 
all Re (a. ) > 0, j = l,...,r and if 1^1 < r ± , i = l,...,r then 

r l = ** ,r " r k' r lc4-l = *** = r r 


r-^+r^ = r^.r^, where ... ,r^ being the associated radii of 

( 3c) _,( i r) 

convergence of the series (2)^D * 


a. 


(7.4.30) A 


/a 




A * @ 

f f ° # • 

o / • 


[a, J r * m • “KX^.S l/#««/lJ f 

£ /3-K7-6 si / •*#/!] / 


|~ p~h'y'~r(J~~' 6 +C^ ~r * » * 4 “CX^S 2 / # • * / 2] /[^^sl/®**/l/ 0 /***/ 0 j / 

l 

[ 4- * « * 4 *CC^,“f Y+O’*** 5: 2 # • • • *2 ] o 
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U-, X- U X 

1 1 r r 7 

1 -h • • • +X ' * * # / 1 + ♦ » *+X 

(k) (r) 

~ ( 2 ) (y / Y i / * * • / ^ ^ / • • • / u.^) 

valid if all the conditions of (7 #4*29) are satisfied 

£ a x « • » 4“CC^s l/«» + ,lj| / [a:l / -*«*/l] 
[a L + # * .-fa r -f r+a-6s2 , • • **2] s 

£ tC£j^ Hh « » m tCC^S 2 / • * * , 2 j , 7 s 1 * «« * / 1 ^ 0 /*,*»^ 0 j , 

[^1 : l ] / [ 3 -^ * 1 ] / * * * 7 
[l": 0 ,..., 0 ,l,...,l] 

u r x r , 

1 +Xj^ + • • • +x^_. * * 1 +x^ + • • • +x^_ 

[cx^sl] t [|3 r sl] # 

— | | ^ ( 7 / T / / p+C7— 6 j 3-j_ / * • • / 3^.? ' • • • ' 

provided that Re ( 6 ) > 0/ Re (@+c>-* 6 ) > 0/ Re((X^ + .« • +<x r -K?+ 7 '— 6 ) ^ ^ 
all Re (dj) > 0, j = l,...,r and if lUjJ < r ± , i = l, ...,z then 

( V-|_ +* » •-h^'r-j,,) + ('/"r^^ t . « » 4- V r p ) = 1 1 

where / • . • / r^, being associated radii of convergence of the 

(]c) Tr (r) 

series * 


( 7 . 4 . 31 ) 


^ / # • • f OC p. 

2 ^ 1 r r p5 

3/7,6 ,a 1 1 s2 ; ® ® • |2 




# » * • / 



Further specialising the variables with parameters and 
applying the same techniques# we can get different dimensional 
Gauss' transforms of other known hypergeometric functions of 
different variables. 

7.5. Transform B . 

Consider 

co co r . . —1 , . — <7 , 

(7.5.1) ; .../ TC (a^x 1 +...+aSt r ) 1 (l+aJx 1 + ...-fa^x i 5 1 

o o i=l 


2 F 1 [ P±' 7 i' <5i ? ( a i x l + * * * +a r X i.) ] dx l *** dx i 

= 1 l ^ r( j3r 6 i - t -a i ) r(y.-6 i+ a. ) 

K i=i r(a ± ) ro i +r i -6 i +a i ) 


where Re (6j_) > 

o 

N 

CD 

(%" 

6i +a i ) > 

0# F 



a i 

a 2 *** 

a' 

r 

ZL “ Jl. f * * * / IT cilld 

K = 

a i 

a 2 — 

a 2 

r 



<k • • 


ft ft : 



r*. 

a i 

a 2 . . . 

a r 

r 


^ °/ 


which suggests to introduce the multidimensional Gauss' transfer 
defined by (7.1.4). 

Therefore# it is easy to obtain 
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(7.5.3) B{ ( 1 + . . . +0[/x^ ) 


°1 ^l^l , „ r . . „r \ a r m r^ 


(l+a 1 x 1 + .. .+cc^x r ) 


r 

71 

i=l 


Kr(o i ) r(P 1 +’' 1 -6i +a i ) r( «i 5 r( ' e i- 6 i +a i- m i| 1 ) 
r(6.) r ( _8.-6.-KT . ) r (r .-S.-KJ. )K r (cx.+m,. ) 

1 11 1 111 l ig^ 


and 


r(ri- Si+ o 1+ m ) 


r(3 i +y i"' 6 i +(7 i +m ifc. ) 


r 

- 71 


Oi-Si+O^ <T i -6 1 +0 1 ) m 

iSi 


1=1 ( Pi + V«i +< 3 i ) m . S . 


jlo d/ . 

(nr a \ nr tt*** ° 1:5 !•••/" 

\ 7 *5 *4 j Bt j? / \ 

C s D # J * * • JD^ ' 


[(a);0 / ,... / 6 (r) ] :[(b , )!S # ] 
[(c) S ^ / ... / W (r) ] s[(d'):6'] 


C(b (r) )*# (r) ] , 


ii 1 * # * * • * • # u,£,( ^1. ^ 


[(a (r) b s (r) ] ; 


( t-") 

F A S B / +2?. ..;B vx; +2 
CsD' 4-2; . . . JD^ -i-2 


[(a);0' / ...,e (r) ];[(b , )sf , ],[P 1 -6 1 -HJ 1 :g 1 j 
[(c)s¥', s[(d');6'] , [ a X “ ] 


[ r i*' 6 l +a l ; ^l] J * * -?[(b (r) ) s$ (r) ] / [,8 r -6 r + cr r ” g r ] / 


[^i + ^ 4-^-6! “ §i ] / • * * * [(d ) : 6 ] t [ 3 * 


*** 
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f r r - ^r +cr r s -5 * 

/ « * • / u r 

[3 r +r r +a r~ 6 r 2 S r ] ' 


prov 


/ided that Re (5.) > 0, Re (8.+U.-6. 

2. i i a. 


) > 0, Re( 


i w i 


i 

x 


c 

+ s 

j=l 


w (i) 


D 

+ S 
j=l 


(i) 



A 

S 

j-1 


0 


( i ) 


B (± ) 

S § ( ) l) > 0 t i=l , • . • , r, 
j=l J 



i 

j 

a' 

a' 

r 




2 

„2 

2 



and K = 

a l ' 

* * tt 

tt 2 * •* 

« 0 • • 0 • 

a 

r 

r- o. 


! 

of 

,2T 

* • • 

•p i 

a ! 
r 



Now specialising 

the values of 

parameters as before we 

can obtain mult 

lidiraensional 

Gauss' transform of other known 

multiple 

hypergeometric 

functions of 

Chandel [ 2 ] , Exton [ 3] 


Lauricella [4] . Similarly choosing the number of variables, 
we can also obtain multidimensional Gauss' transforms of 
multiple hyper geometric functions of different variables. 
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CHAPTER VIII 

I 

I 

I 

I 

I 

I 

APPLI CATIONS OF MU LT IPLE HYPERGEOMETRIC 
FUNCT IONS OF SR IVASTAVA 'AND DAOUST IN HEAT 
CONDUCTION 


In this chapter we shall discuss two problems on heat 
conduction. 


PROBLEM I 


8.1. Introduc tion . Singh [lo] used generalized 
hypergeometric functions of single variables in a problem on 
the cooling of a heated cylinder. In this chapter we employ 
generalized multiple hypergeometric function of Srivastava and 
Daoust [ 12 ] to obtain the formal solution of fundamental 
differential equation of cooling of an infinitely long cylinder 
of a radius a, heated to the temperature u Q = f(z) (z is the 
distance from the axis) and radiating heat into the Surrounding 
medium at zero temperature. From the mathematical point of view, 
the problem reduces to solving the fundamental partial differentia 
equation [6,p.l55 (6,7.1) ] . 


(3.1.1) C 1 a ~ = K v 2 u. 


Subject to the boundary condition 



and the initial condition 


(8.1*3) uj = u Q = f(z), 

1 t=0 


where the object has thermal conductivity K, heat capacity C^, 
density a , emmissivity X and = ^ • 

8.2. An integral . In this section, we establish the 
following integral involving Srivastava and Daoust function [12] , 
which will be used in our investigations : 


/ n „ i •, r a 20-1 , 2 2,3-1 . ,z x r A:B / . ;B^ r ^ 

(S .2 .! ) S z (a~z) p J o ( a _ n (r) 

o C s D ; . . . jD 


[(a)se',...,e (r> ] : [(b')s*'] O' O : *' ] J 

] = [ (a') :6'] [(d (r) ):6 (r) ] S 


(rK Jr) 


2K 


(jr^u _ 4^ ^(f) r d - %) 


2X 


x- 


2 It 
z \ r 


i v a 


dz 


[(a)s6 / , .. .,0 (r) ,O ], [ctsX^ / • • » / X r / 

[ , . . . ,M r , o] s [(b' ) S §' ( b c r) ) 5 ® ( r) ] 5- ; 

. . . ,X r +M r ,l] > [( d' ) ; 6 / ] * * • • J [(^ )’ 6 ] / [^ : ^1 


_2a+2ff~2 ; B / 


• ?B 


C+l sD'f . . . JD 


(r) 

(r)' 
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provided that Re ( R) > 0 al , , 

' ‘ / d±_L n ' are positive real numbers 


and 


C 
£ 


1 £ A 1 ) 


r i 


T)( i ) 

+ E 6 (i> . * gU) 

1=1 j j=l J 


i = 1 / . • . ,r. 


B 

£ 

j=l 


( 1 ) 


,( i) ^ „ 
Sj > o. 


3.3. Sol ution of the problem . 
to be obtained is 


The solution of (8.1.1) 


(8.3.1) u(z,t) = a 2(X+2 ' 8 ~ 4 v U o^ w n 


2. 

3_(“ w ) e 


£ 

n=l 


[ J 1 (w n )+J^(w _)] 


gA+2 ?, TB f j » • . 

C+1;D' ? . . .jD (r) .l 


[( a) te* / ...,e^ r ' ) / o],[asX 1/ ...,X r /l] , 

L E (c)sS# ^ (r) ^>[, 8 + a^ 1+% x r +JV~] 


[ j SsM 1 , . . .,/i r ,0] s [(b') is'] (b^h ^ r ^] j-; 


“W 


[<d'h:6'],..., [ (d (r) ) :6 (r) ] . [1,1] . 


X 1 7 * * * ' x r f 


n 


r' 4 


where 8 


c i a 


K an d ‘-^11 one conditions of (^.2.1) are satisfied. 


The solution of (g.1.1) as given in [6,p.l56, 

(6,7.6) ] is 


2 . 
-w n t 


(3.3.2) u( 2/ t) = 2 M J (J w .) e a B 


n=l 


n o'a "n‘ 


Due to ini Lial condition (8.1.3)/ the coefficients 
chosen to satisfy the relation 


M may be 
n 
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OO 

(3.3.3) f(z) = „ n J Q (| „ n ), 0 < z < 


Now consider 


(8.3.4) f(z) = z 2 ( a 2 — s A: ? • * * * B 


C;D';...»D V 


[( a) t 8 ' . . . . ,0 ' r ) ] . £(b' ) s §'] • . . . • [ ( ) ; , 

[( c) sf ' , . . . , ^ ] ; [(d')s6'] [ (d^ ] ; 


7 2\- 

Mf) 1 (1 - 


z 2 ^l 


7 ] * * • *^x (-) r (l 


therefore 


(8.3.5) z 2a ~ 2 ( a 2 ~ z 2 ) ^~ :L g A:B '?* 

C;D';... ? D (r) 

“ [(a) ;©% ... / 0 (r) ] s [( b '):S'] (b (r) ) s.$ ( r) ] 

- [(c)tf%...^ (r) j . [(d')ss'] ?...?[ (d (r) ) s6 (r) ] 


, 2X 
2\ X 


z 2 


(f) " (1 - v x * j £) - (1 -£.) 


= 2 - M n J o ( f w n )? 0 * 2 < a. 


Multiplying both sides of ($.3.5) by z J Q (| wj and integrating 
it with respect to z from 0 to a, we get 
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a ( _■) 

(3.3.6) / z 2 ' 1 ' 1 (a 2 -z 2 )' 3 - 1 j (S „ ) sA:B',...;B r 

° a n C:D' j...jD lr) 


o 


[(a);G' f .,...,G^ r ^j:[(b' ) ; $'] ;...;[ (9 r ^) s r ^] ; 


[ (c)sS', . . .,i' ( r) ] . [(a'): 6 '] ,...; [(d (r) )= 6 (r) ] , 


ry „2 }1 «| 2X 

(£) (1 - -r) x r (|) r (1 

‘ J id. 

0L 


1 a 


z 2 H r 
—t) 


dz 


S M_ S z J (“ w ) J w ) dz. 
11 _ o a n o a m 

n=l o 


z 


Now an appeal to the orthogonal property of J (x) [l/p.130, 
(5.14.9)] 


I z J,.(— w_) J,. (“ w ) dz = 0, when m ^ n 
j/ a m v a n 
o 


f-[ J J 2(w n ) + (1 ~ “9 J j (w n ) ] ' 


m =n 


w. 


n 


and -the integral (8»2*1) with the relation 


J'( x) = -J-i ( x) , 
o 


gxves 

2 a +2 8-4 AJU9 . R /. 

t 8 • 3 . 7 ; = o — 9 £> f 

11 r -r^ / _ _ % . -r^ /■__ \ 1 . A - T~s/ _ .n'- J 


[ J ^ ( w n ) t J Q ( w m ) ] C+l ? | • jD |1 


>( r) 


[ (a)sen ,o] , [ a;X 1 V... / X r/ l] , 

j] ( C ) O / ♦ m m /H? ^ } ,0] , {* CC4-3 oX^ t|X-^ / • * • /X 1 J l 
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[,8:^, ...,M r ,0 ] ; [(b');§'] ; . . . ; [ ( b 1 " r ' ) ) s ] }-; 


[(<a')*6'] [(d (r) );6 (r) ] ; [isl] ; 


••• t x r / 


Nov/ substituting the value of M n in ($.3,2), we obtain the . 
complete solution of the problem. 

S»4. An expansion formula . From (8.3.5) and (8.3.7) 
we establish the following expansion formula; 


(8.4.1) z 2a ~ 2 (a 2 -* 2 )*- 1 S AJB/ ’*"* B 

C;D';. . .?D 


(r) 

(r) 


[ (a)t0 / / ... / e (r ^] :[(b'):$ 7 ] j . . .? [ (b ( ^ ) s ^ r ^] j 
[(c)**',...,j Cr) ] s [(d');6'] (d (r) ); 6 (r) ] ? 


Zv 2 ?V l,. z 2 ^l 


2 X^ 


Xi ( |) (1 - ~) A ,... / x r (|) x (1 - %) 


2 a+2 ,8~4 * J o^a w n^ 

a E 


S 


l A3-2;B / ;...;B ( ' r ^; 


n= 


1 [^(w n )<(w n )] C+1;D / j...?D (r) ;l 


( \ 

|[(3.)56 / / •••/■© t 0 j| / [ CC 2 / ♦ * * /X p/ 1 J / £ 3 “ / # * • 0 j o 

[(c);W', ...,^ (r \o] , [ a+ps^-hu^, . . .,\ r +jU r ,l] ;[(d'):s']? 


C(b');§'] [(b (r) );f (r) ] j- j 


*w. 


x 1 f»,x r , — 


n 


[(d (ri )-.6 lr) ] ,[ia] , 

provided that all the conditions of ($.2.1) are satisfied. 
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PROBLEM II 

3 *5 • Introduction . Recently Singh £11 ] evaluated some 
integrals involving Kampe de Feriet function and one of them has 
been employed to obtain a solution of a problem in heat conduction 
given by Bhonsale [l] . Some expansion formulae involving above 
function have also been obtained. The present study is .inspired 
by the frequent requirement of various properties of special 
functions which play a vital role in the study of potential 
theory/ heat conduction and other allied problems in quantum 
mechanics. Appell's functions and the functions related to them 
have many applications in Mathematical Physics [4/7/8] . 

In this chapter/ we evaluate certain integrals involving 
multiple hypergeometric function of Srivastava and Daoust [12] 
and their applications will be made in solving a problem on 
heat conduction given by Bhonsle [ 1] and in establishing some 
expansion formulae involving the above functions. 

8.6. Formulae Required . 

Multiplying both sides of Lebdev equation [l, (4.15.1)] 

2 

by e z H^^(z) and using orthogonal property of Hermite polynomials 

[ 9 ] 

co 2 VTl 2 2 ^~ P ' > r ( 2 p-KL ) 

(3.6.1) S z P e H,Jz) dz = / 

-oo r(p~3>.+l) 

P— 0/1/2/... 

which will be useful in our investigation. 
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Another formula required in our investigation is due to [ 3 ] 


(8.6.2) I (l-z 2 )^ 1 E#(z) dz 
-1 1 


n 2 M r (P + £) r( p - £) 




M\ 


r(i+Pf|)r(p-|) r(~ + M + i) r(- | ^ 


2 Re ( P) > !Re(jLt)| 

8.7. Integral s 

Making an appeal to (§'.6.l) , we obtain 


(8.7.1) S z^ H e"* R, y (z) S A: B ' ! * * • ? B ^ 

Z C:D' ; .;D vn; 


CO 2 

2 P -z z 


[(a) S e',...,0 (n) ]: [(b')s §']?*»*! [(b (n) )sf (n) ] J 
[(c)s«',.../Sf (n) ]s [(*'): 6* ] * • • * * [(d (n) ):6 (n) ]; 


2 a, 


2a 


Xi z 


^n 2 


n 


dz 


_ sfn 2 ?~ ( v* p) gA+1 


B 


C+1:D' J . . . jD 


(n) 

(n) 


[(a) ? 0 7 / • • .,6 (n) ] / [2 P+1 s 20^ / ... / 2a^ ]* [ (P 1 ^ ^ 
[(c);^ / / .../^ n ^]/[l + P~ lf /di_/»*« / ] *[( ( 3- / ) ; 6 !*•*! 
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[(b ( n h ; J (n> ] ; 

r(a (l,) ):a (n) ] , 

where 

C 


2 a. 


x 


n 


2a 
, n 


1 - a. + s + 2 


(i) 


D 


(i) 


j=l 


3=1 


*C±> 

o-i 


s e<>> 

j=i J 


B 1 / . X 

2 > Oj 

j-1 1 


i - I, • • • ,n; p - 0,1,2,..., and (X^ are real and positive 
Similarly an appeal to ($.6.2) shows that 


(8.7.2) S (l-z 2 ) 9 " 1 pJJ(z) s AsB '?« • *? B ^ 


-1 


C;D # ? . . . jD 


(n) 


[(a)s0 / , *«./e^ n) ] :[(b' [(b (n ^):^ n) ] ? 
[(c)^ / / ... / 'S? (n) ]![(d / )s6 / ]l...?[(d (n) ): 6 (n) ] J 


0 a 0 a 

x-j_(l-z ) , ...,35^(l-z ) n 


dz 


71 2 


4 


B 


gA+2:B'|...j 

p yiA-V 2. ) r 0+2 s D f • • • • } D 

2 2 


(n) 
( n) 


[(a.)s0 , /*«* / G^ J / [ P + cc^ / • • * / «J / [ P / • • • / 1 • 

[(c) ^ J / [P— 2 "* oc^ , * # • , & n ] , [l -f P 4* 7^5 / • # • / oc^ J 
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[(b'):f'] [ (b (n, ):* (n) ] , 

[(d')=a'] [(a (n) ) :6 (n) ] ! 


/ • mmj IX. 


n 


provided that 2 Re (p) > i Re( jut) l } 


1 + 


C 

2 


+ 2 6 ( . i) 

j=l 3 j=l 3 


( i) 


2 

j=i 3 


B 

2 

j=l 


(i) 


: (i) 


> 0, 


i = l,...,n and oc^ / *«, / a are real and positive. 

We shall make applications of these results in our 
further investigations. 

3.8. Applications to Heat Conduction. 

Hermite polynomials have been utilized by Kampe de Feriet 
[5] in solving a heat conduction equation. He has obtained 
four theorems which are of the nature of existence theorems. 
Bhonsle [ 1 ] has also employed Hermite polynomials in solving 
the partial' differential equation 


( 8 . 8 . 1 ) 


II = K - K*z 2 , 

3 dZ 


where §(z/t) tends to zero for large values of t and when 
1 z| •* 00 f this equation is related to the problem of heat 
conduction [ 2] 


( 8 . 8 . 2 ) 


at = K — | - h 1 ( § - § Q ) 


3t 


9 2 


provided that § 


0 


and h^ 


= Kz 
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The solution of (<^»8.1 ) given by Bhonsale [ljj is 

„2 


(8.8.3) $(z,t) 


■(l+2r)Kt- 


2 § r e 


r=0 


H r (z) 


We shall consider the problem of determining a function 
$( Z/ t) ; if t = 0 then 


(8.8.4) $(z,0) = z 2p e~ Z B' J . . . ?b| 

C;D / |..»jD n 


[ (a);0 / / ... / 0 (n) ] ; [(b / ):§ / ] ?. ..j[(b (n) );f (n) ] j 
, [(o)^'S... / ¥ (n) ] ; [(d') 2 6 / ];... ? [(d (n) ) S 6 (n) ] ; 


2 a. 


2a 


x l 2 


1 v z n 

' *“" x n 


Now by ($.8.3) and (§".8.4), we have 


(8.8.5) z 2P e~ S " 

CsD';. . ,?D^ n; 


[(a) sed ...,6 (n) ] :[ (b' .):$'] j ...?[( b ( n) ): $ ( n) ] ; 

[(c) ; r,...4 (n) ]:[(d') ;6 , ];...f[(d (n) ) ;6 (n) ] J 


a 1 2a 

/ • *■ • t x^z n 


s Q r e 
r=0 


•z 2 /2 


H r (z) 


19 3 


Therefore 


CO 2 ( \ 

(8.8.6) ; z 2p e ~ z H (z) S A:B '-"> B , 

^ C ; D* | n 


[(a)te',...,0 (n) ] ! [ (b'):*'] »...,[ (b (n) ):$ ln) ] 


(n)N (n) 


[(=):*' ■S tn) ] = [ ( a' ) :6 ' ] ;...f [ (d (n) ) = 6 tn) ] , 


2a„ 


2a 


X L : 


* * * ,x n 


z 


n 


CO CO 2 / 

2 Q_ / e~ Z /2 HJz) H,,(z) dz 


r=0 


U' 


CO 2 , 

Q„ / e 2 H 2 ( z) dz 

^ «w»CO ^ 


= (2ft) 1//2 4! {See for instance [3, p.289] }. 


Hence 

4-2 p - 

(8.8.7) Q = 2 nT S A+1:B,? *** ?B , v 

M C+l *D # / . . * jD n 


2 A * *1 _ r-\ # . - t“\ ^ !) 


[(a) %Q ' < . . .,6^ ] , [ 2p+lt2a 1 , ...,2a n ] % [(b');!'] 

L [(c):3f',.. r ,S! (n) ] , [l+P- f l0C i/ [(d')s 6' ] ;•••» 
[(b (n) )^ (n) ] ; 


n 


[(a (n, )-.6 tn> ] ; 


a __ 

2a- ' **** 2a 
2 2 n 
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Thus the solution (^.8.3) of the problem reduces to the form 


(8.8.8) §(z,t) 


gA+lsB'* ...|B^ 
C+l ;D / t . . .;D^ n ^ 


CO 

E e 
r=0 


2 

- ( 1 +2 r) kt - 0 r " : 

2 2 H ( z) 

r ! 


r-2P-| 


[ (a) zQ ' , . , [2P+l;2cc 1/ ... y 2a n ] : [ (b' ) % §' ] j . . . ; 

[(c):^,...,« (n) ] , [l + P-^^.^aJ 5 [Cd')s6'] J...J 


[(b (n h s $ ( ' n ' ) ] ; 


[(d (n) ) ;6 (n) ] 


Jn 

2a- / *** / 2a” 

2 X 2 n 


where all conditions of (^.7.1) are satisfied. 

8.9. Expansion Formulae 

In this section, we establish the following two expansion 
formulae ; 


(8.9.1) z' 

[(a) %Q ' , . 
[(c)sSI', .- 


- 2— ( n) 

2 P 2 q A:B / ?. ..j3 vn; 

e S (n) 

C:D' ? . .. jD^ nj 


,,e (n) ] : [(bp.*'] I [Cb (n) ):* (n) ] J 
,,s (n) ] = [(a').fi'] ; [(a (n) )=6 (n) ] j 


X 1 Z 


2a- 2a 

1 x z n 

* * • * * 
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OO 

s 

r=0 


r-2p -a- 


r i 


H ( s) ; A +1 = B';. 

C+liD'/.. 


• !D ln) 


[ (a) s0 , . . . , 0 ^ ^ ] t [ 2 P -f 1 ; 2 , • • . , 2 a^ ] s[(b / ):§ / ] 

[(c):9f',...,Uf (n) ] , [l+p- J s a x/ ...,a ] :[(d'):6'] 


*1 


x 


n 


2 a. / ** ,/ 2a 
2 1 2 n 


[(b (n) ):* (n) ] | 

[(d (n) )s 6 (n) ] , 

and 


(8.9.2) (l-z 2 ) P ~ 1 s AsB/? * * * ?B J n ! 

CsD' . ? D^ nj 


[(a) 50', ... / 0 (n) ] s [(b');§'] [Cb (n) )sS Cn) ] 

_ [(c):?',...;lP (n) ] : [(d'hs'] [ (d (n) ) : 6 (n) ] 7 


a a 

xj_ (1-z 2 ) 1 , • . . gXj^d-z 2 ) n 


CO 

E 


71 


2 M ** X (2j/+1) (v-ju) ! 


v =0 (jui+v) ! r + i ) r (1^2) 

gA+2 

C*2sD';...-D (n ^ 


P<J(z) 


H® S* 
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“ [(a):6\...,e (n) ] , [p+ 1“^,...,^] , 
[(c) 5 *',... # ¥ (n) ] , [l+p-f-f.c^,...,^] 

[(*>'):#'] ;...; [ (b (n) ) ;§ (n) ] ? 

/ • # 

[(d'dfi'] [(d (n) )?6 (n) ] / 


[ P ~ j-i <^i / • • • / ct n ] : 

/ f P ~ 2 "? / * • ♦ / a n 3 s 


Proof The expansion (8.9.1) can be directly established by 

(8.8.5) and (8.8.7) . 


To prove ( S .9 .2 ) , let 

[(b (n b ] j 
[(d (n) )*6 Cn) ] J 

0 a 0 a 

X-j_(l-Z J i / ... / X n (l~Z } 

co 

= 2 A P (z) 

^ r r 
r=0 


(8.9.3) (l-z 2 ) P ‘' 1 S A " B '?* * ** B | n ^ 

CsD'/...fD Vn; 


[ (a) °.Q' , . . . / 0 ( n) ] : [(b'):$'] 
[(c):S!', ...,¥ (n) ] : [(d')s6'] ?**•? 


Therefore, 


/ (l-z 2 )^ 1 z) 

-1 y 


C; D y / 


;b 

;D 


(n) 

(n) 
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[ (a) : 0 # 6 Cn) ] = [<b'):«'] [ (b (n) ) : * (n) ] ; 

[(e):*' * (n) ] : [(d')sfi'] [(d (n) ) !6 (n> ] 5 


x^l-z 2 )^ x^l-z 2 )^ 


oo 1 

S A ; T?*Hz) pfHz) dz 
r=0 r -1 v r 


dz 


\ S , C^Cz)] 2 dz 
—1 


A 


2 (n+v) l 


V 


(2V+1) (V~u) l 


- {See for instance [3,p.278] }, 


which gives 


(8.9.4) A v = 


( 2 V+l ) iv~)±) I n 2 AJ '~ 1 
(juw-v) ! r {--¥■ + 1) r (!■=!=£) 


gA+2 s B * f • «.* 
C+2;D / ; . . . jD 


(n) 

(n) 


[(a):0 / / ... / 0^ n ^jj , £ pf 2 i( \' * * * /tt n ] ' [ P “ 5" : (X^,.../^] % 

_ [(c) ] f [ 1+ P + ?j-: <X^ / • • • , C£- n ]] [ P~ a l * • * V a n ] 

[(b'):$']?...J [(b (n) ) s § (n) ] ; 


[(d'):^] [(d (n) )s6 (n) ] 
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Thus an appeal to (8*9*3) and (8*9.4) gives the proof of 
(8.9 .2) . 
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